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SUPPLEMENT TO “A FREQUENCY DOMAIN
EMPIRICAL LIKELIHOOD METHOD FOR IRREGULARLY

SPACED SPATIAL DATA”

By Soutir Bandyopadhyay∗, Soumendra N. Lahiri† and Daniel J.
Nordman‡

Lehigh University, North Carolina State University and Iowa State
University

We present some details of the proofs and some additional simu-
lation results for the main paper.

1. Proofs of the lemmas. For completeness, we restate the lemmas
and give the proofs. The proof of Proposition 4.1, from Section 4 of the
manuscript, is deferred to the end here. The notation and notational con-
ventions correspond to those of the main paper. To avoid confusion with
the equation numbers in the main, the equation numbers in this section are
given as (S.∗).

We require some additional notation. Let Cn(ω) and Sn(ω) denote the
cosine and the sine transforms of the data, respectively given by the real
and the imaginary parts of dn(ω) (cf. (2.2)). Define the bias corrected pe-
riodogram Ĩn(ω) = In(ω) − n−1λdnσ̂n(0) and its variant I∗n(ω) = In(ω) −
n−1λdnσ(0). Let f̂(ω) =

∫
eιx
′ωf(x)dx, ω ∈ Rd and similarly define f̂2. Let

N = {1, 2, . . .} and Z+ = {0, 1, 2, . . .}. For r ∈ N, let e1, . . . , er denote the
standard basis of Rr, with ei ∈ Rr having a 1 in the ith position and 0
elsewhere. Next, for r ∈ N, define the joint cumulant of random variables
Y1, · · · , Yr by

χr(Y1, · · · , Yr) =
∂r

∂t1, . . . ∂tr
logE exp

(
ι[t1Y1 + . . .+ trYr]

)∣∣∣∣
t1=...=tr=0

.

We extend this definition to complex valued random variables Zi = Y1i+ιY2i,
i = 1, . . . , r by multilinearity, by setting, χr(Z1, · · · , Zr) = χr(Z1, · · · , Zi−1,
Y1i, Zi+1, · · · , Zr) +ιχr(Z1, · · · , Zi−1, Y2i, Zi+1, · · · , Zr) for all i.
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Recall that, for a random quantity T depending on both {Z(s) : s ∈ Rd}
and {X1,X2, . . .}, ET denotes the conditional expectation of T given X ≡
{X1,X2, . . .} and P similarly denotes conditional probability. Similarly, in

the following, χr

(
In(ω1), . . . , In(ωr)

)
refers to the conditional cumulant of

In(ω1), . . . , In(ωr), given X. Again write PX and EX to denote the proba-
bility and the expectation under the joint distribution of X1,X2, . . .. We let
C or C(·) denote generic constants that depend on their arguments (if any),
but do not depend on n or the {Xi}. Similarly, let Pk(·) denote a generic
polynomial of degree k ≥ 1 with real co-efficients that do not depend on n
and the {Xi}.

Lemma 7.1 first provides an integral bound on sinusoids summed over the
frequency grid N from (3.2) (cf. Section 3.1). This technical result is used
in the proof of Lemma 7.5 and Proposition 4.1 to follow.

Lemma 7.1. For the frequency grid
{
jλ−κn : j ∈ Zd, j ∈ [−C∗ληn, C∗ληn]

d
}
≡

{ωkn}Nk=1 from (3.2) and any ε > 0,∫ ∣∣∣ N∑
k=1

exp(ιt′ωkn)
∣∣∣(1 + ‖t‖)−d(1+ε)dt ≤ C(d, ε)[λκn log λn]d.

Proof For a real number x, write (x)2π for x modulo 2π with values in
[−π, π), i.e., (x)2π = x− 2πk for all x ∈ [2πk− π, 2πk+ π), k ∈ Z. Then, as
the frequencies lie on a regular rectangular grid,

N∑
k=1

exp(ιt′ωkn)

=

d∏
j=1

{ ∑
−C∗ληn≤k≤C∗ληn

exp(ιtjkλ
−κ
n )
}

=
d∏
j=1

[1− exp(ιtjλ
−κ
n bC∗λ

η
nc)

1− exp(ιtjλ
−κ
n )

+
1− exp(−ιtjλ−κn bC∗λ

η
nc)

1− exp(−ιtjλ−κn )
− 1
]
.

Now using the bounds that | exp(ιx)− [1 + ιx]| ≤ x2/2 for |x| ≤ 1 and that
inf{|1− exp(ιx)| : 1 ≤ |x| ≤ π} > 0, one can show that for any t ∈ R,∣∣∣1− exp(ιtλ−κn bC∗λ

η
nc)

1− exp(ιtλ−κn )

∣∣∣
≤ gn(t) ≡

{
(2C∗ + 1)ληn if |(tλ−κn )2π| ≤ λ−ηn

C∗

|(tλ−κn )2π |
if λ−ηn ≤ |(tλ−κn )2π| ≤ π.(S.1)
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Hence, it follows that∫ ∣∣∣ N∑
k=1

exp(ιt′ωkn)
∣∣∣(1 + ‖t‖)−d(1+ε)dt

≤ C(d)

d∏
j=1

∫ ∞
−∞

{
ληn11

(
|(tjλ−κn )2π| ≤ λ−ηn

)
+|(tjλ−κn )2π|−111

(
λ−ηn ≤ |(tjλ−κn )2π| ≤ π

)}
(1 + |tj |)−1−εdtj

≤ C(d)
[∑
j∈Z

{
ληn

∫
|tλ−κn −2πj|≤λ−ηn

(1 + |t|)−1−εdt

+

∫
λ−ηn ≤|tλ−κn −2πj|≤π

|tλ−κn − 2πj|−1(1 + |t|)−1−εdt
}]d

≤ C(d)
[∑
j∈Z

{
ληnλ

−η+κ
n (1 + 2π|j|λκn)−(1+ε)

+

∫
λ−η+κn <|t|≤πλκn

λκn|t|−1
(

1 + |t+ 2πjλκn|
)−(1+ε)

dt
]d

≤ C(d, ε)
[
λκn + λκn

∑
j∈Z

{(
1 + π|j|λκn

)−(1+ε) ∫
λ−η+κn <|t|≤πλκn

|t|−1dt
}]d

≤ C(d, ε)
[
λκn log λn

]d
.

This completes the proof of Lemma 7.1. �

Lemma 7.2 next establishes bounds on cumulants involving general spatial
averages. This result is applied to develop for expansions of the bias and
variance of the periodogram In(·) in Lemma 7.3 to follow and is also used
in the proof of Lemma 7.5.

Lemma 7.2. Let
{
W (s) : s ∈ Rd

}
be a possibly nonstationary strongly

mixing random field, with finite means (i.e., EW (s) ∈ R) and mixing co-
efficient α(·, ·), that is independent of X. Also, let Condition (C.2)(i) hold.
Then for any r ∈ N, r ≥ 2 and δ ∈ (0, 1],

sup
b1,··· ,br∈[−1,1]n

∣∣∣∣χr
 n∑

j=1

b1jW (sj)

 , · · · ,
 n∑
j=1

brjW (sj)

∣∣∣∣
≤ C(r, δ)

[
Cλn∑
k=0

k(r−1)d [α(k; r)]δ/(r+δ)
]
ζr+δ n

rλ−(r−1)dn a.s. (PX),
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where bk = (bk1, . . . , bkn)′ ∈ [−1, 1]n, 1 ≤ k ≤ r, and where ζa = sup{(E|W (s)−
EW (s)|a)

1
a : s ∈ Rd}, a ≥ 1.

Proof This is a consequence of Lemma 5.1 of [BLN], though we outline the
main steps for completeness. Let mn = nλ−dn , n ≥ 1 and recall the sampling
region Dn = λnD0 ⊂ Rd. Let Jn = {j ∈ Zd : {j + (0, 1]d} ∩ Dn 6= ∅}.
Based on the exponential inequality of [2] (Lemma 5.1) for the independent
sampling site locations {si = λnXi}ni=1, there exists a C ∈ (0,∞) such that

PX

(
max
j∈Jn

n∑
i=1

I(λnXi ∈ {j + (0, 1]d} ∩ Dn) > Cmn infinitely often

)
= 0,

where I(·) denotes the indicator function. Hence, eventually for large n
(a.s.(PX)), the number of observations in {j + (0, 1]d} ∩ Dn is at most
Cmn for any j ∈ Jn. For each 1 ≤ k ≤ r, we then group the sums∑n

i=1 bkiW (si) corresponding to si’s in each cube j + (0, 1]d, j ∈ Jn, as∑n
i=1 bkiW (si) =

∑
j∈Jn W̃k(j) for W̃k(j) ≡

∑n
i=1 bkiW (si)I(si ∈ j+(0, 1]d).

The observations W̃ (j), j ∈ Jn, are now lattice variables (each a sum of no
more than Cmn W (·) variables). Applying Theorem 1.4.1.1 of [1], we can

bound |χr
(∑

j∈Jn W̃k(j), · · · ,
∑

j∈Jn W̃r(j)
)
| by

|Jn|C(r, δ)

[
Cλn∑
k=0

k(r−1)d [α(k; r)]δ/(r+δ)
]
· ζr+δ · (mn)r

using the mixing coefficient and covariance bounds based on α(·; r) and r+δ
moments of

{
W (s) : s ∈ Rd

}
; the value r in α(·; r) owes to the fact that

cumulants involve variables W̃k(jk), jk ∈ Jn, 1 ≤ k ≤ r defined on regions
as unions of cubes with volume not exceeding r; see Section 4.1 for details on
the mixing coefficient. Note the sum with α(·; r) is over all possible (integer-
valued) distances in `1-norm (i.e., ‖ · ‖1) between cubes indexed by Jn, with
a maximal distance of Cλn for some factor of λn. Because |Jn| = O(|Dn|)
is of order of the volume O(λdn) of the sampling region Dn, the result then
follows. �

For notational simplicity, we shall suppose that the indexing of the ele-
ments of the set N is done in such a way that ω1n = 0. Also, recall that we
use the order symbols ou(·) and Ou(·) if the corresponding bound is valid
uniformly. To state the next lemma, define

Hn(x, t) = σ(t)f(x)
[
f(x + λ−1n t)− f(x)

]
, x, t ∈ Rd
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and set

R[1]
n (ω) = 2

∫ ∫
e−ιt

′ωHn(x, t)dtdx.

Then, we have the following result on the bias and the variance of the peri-
odogram In(·) at the non-zero frequencies. The expansions in Lemma 7.3 are
used to establish distributional properties of the periodogram, and certain
sums of the periodogram, in the remaining lemmas here (Lemmas 7.4-7.7).

Lemma 7.3. Suppose that Conditions (C.0)-(C.1) and (C.2)(i) hold and
that 0 < κ < 1. Then, for any ε ∈ (0, 1),

(S.2)
∣∣∣EIn(ωjn)−

[
An(ωjn) +R[1]

n (ωjn)
]∣∣∣ = Ou(n−1/2+ε), and

∣∣∣Var (In(ωjn))−
[
A2
n(ωjn) +An(ωjn)P1(Dn(ωjn)) + P2(Dn(ωjn))

]∣∣∣
=
[
An(ωjn) + λ−1n

]
·Ou(n−1/2+ε) +Ou(λ−dn + n−1+2ε),(S.3)

a.s. (PX), for all 2 ≤ j ≤ N where Pk(·) is a polynomial of degree k
(with real coefficients that do not depend on n), k = 1, 2, and Dn(ω) =

(R
[1]
n (ω), Ed2n(ω), Ed2n(−ω)).

Proof Fix ε ∈ (0, 1). Then, using Lemma 5.2 of [BLN], one can show that
uniformly over ω,ω∗ ∈ {ωjn : j = 1, 2, . . . , N},

Edn(ω)dn(−ω∗)

= λdnn
−2
[
nσ(0)f̂(λn(ω − ω∗)) +

(
n

2

)
λ−dn (2π)d

{
φ(ω∗)f̂2(λn[ω − ω∗])

+φ(ω)f̂2(λn[ω∗ − ω])
}]

+Rn(ω,ω∗) +O(n−1/2+ε),(S.4)

a.s.(PX), whereRn(ω,ω∗) =
∫ ∫

Γn(x;ω,ω∗)Hn(x, t)dtdx, with Γn(x;ω,ω∗) =

Γ1n(x;ω,ω∗) + Γ1n(x;ω∗,ω), Γ1n(ω∗,ω) = e−ιt
′ω∗eιλnx

′
(ω−ω∗). Relation

(S.2) readily follows from (S.4).
Next consider (S.3). Note that

(S.5) |Hn(x, t)| ≤ Cλ−1n ‖t‖|σ(t)|f(x) ≤ Cλ−1n

for all x, t.
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Using the identities ‘Cn(ω) = [dn(ω)+dn(−ω)]/2’ and ‘Sn(ω) = [dn(ω)−
dn(−ω)]/(2ι)’ and using (S.4), one can show that a.s. PX,
(S.6)

EC2
n(ωjn) = 2−1

[
An(ωjn) +R

[1]
n (ωjn)

]
+ P11(Dn(ωjn)) +O(n−1/2+ε),

ES2
n(ωjn) = 2−1

[
An(ωjn) +R

[1]
n (ωjn)

]
+ P12(Dn(ωjn)) +O(n−1/2+ε)

ECn(ωjn)Sn(ωjn) = ιP13(Dn(ωjn))


for some polynomials P1j(·) of degree one (with real coefficients). Next note
that for any zero mean random variables Y1, . . . , Y4,

Cov(Y1Y2, Y3Y4)

= χ4(Y1, . . . , Y4) + χ2(Y1, Y3)χ2(Y2, Y4) + χ2(Y1, Y4)χ2(Y2, Y3).(S.7)

Now using the expression for Var(In(ωj)) as a weighted sum of Var(C2
n(ωj)),

Var(S2
n(ωj)) and Cov(C2

n(ωj), S
2
n(ωj)) and using (S.7), (S.5), (S.4) and

Lemma 7.2, after some lengthy and tedious algebra, one can establish (S.3).
We omit the routine details. �

The final proofs of the main distributional results about the SFDEL
method (e.g., chi-square limits in Theorems 5.1-5.3) depend on the use of
Lemmas 7.4-7.7 to follow; proofs of Theorems 5.1-5.3 appear Section 7.2 of
the manuscript.

Lemma 7.4. Under the Conditions (C.0)-(C.3) and (C.5)’

E

[
N∑
k=1

Gθ0(ωkn)Gθ0(ωkn)′I2n(ωkn)

]

= 2

N∑
k=1

Gθ0(ωkn)Gθ0(ωkn)′A2
n(ωkn) + o(b2n) a.s.(PX).

Proof Fix ε ∈ (0, 1). Without loss of generality, we may assume p = 1.
Also, for notational simplicity, we write ωkn ≡ ωk and drop the qualifier
‘a.s.(PX)’ from the statements below. Using (S.4), one gets∣∣∣Ed2n(ωk)−

[
A‡(ωk) +R[2]

n (ωk)
]∣∣∣ = Oup (n−1/2+ε),(S.8)

for 2 ≤ k ≤ N , where A‡(ω) = c−1n σ(0)f̂(2λnω)+(2π)dφ(ω)2−1[f̂2(2λnω)+
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f̂2(−2λnω)] andR
[2]
n (ω) =

∫ ∫
[2cos(t+2λnx)′ω]Hn(x, t)dxdt. By Lemma 7.3,

E

[
N∑
k=2

G2
θ0(ωk)I

2
n(ωk)

]

=

N∑
k=2

G2
θ0(ωk)

[
Var
(
In(ωk)

)
+
(
EIn(ωk)

)2]
=

N∑
k=2

G2
θ0(ωk)

[{
A2
n(ωk) +An(ωk)P1(Dn(ωk)) + P2(Dn(ωk))

}
+[An(ωk) + λ−1n ] ·Ou(n−1/2+ε) +Ou(λ−dn + n−1+2ε)

+
(
An(ωk) +R[1]

n (ωk) +Ou(n−1/2+ε)
)2]

= 2
N∑
k=2

G2
θ0(ωk)A

2
n(ωk) +R11n +R12n +R13n, (say)(S.9)

where R1kn’s are remainder terms satisfying:

|R11n| ≤
N∑
k=2

G2
θ0(ωk)

{
[An(ωk) + λ−1n ] ·Ou(n−1/2+ε) +Ou(λ−dn + n−1+2ε)

}
R12n =

N∑
k=2

G2
θ0(ωk)An(ωk)P1(Dn(ωk)),

R13n =
N∑
k=2

G2
θ0(ωk)P2(Dn(ωk)),

for some generic polynomials Pk(·) of degree k ∈ {1, 2}, with real coefficients
that do not depend on n. Note that by Condition (C.3)(i), (ii),

(S.10)

N∑
k=1

G2
θ0(ωk)φ(ωk) = O(λκdn ).

Hence,

|R11n| = O
({

[Nc−1n + λκdn

]
+Nλ−1n

}
n−1/2+ε

)
= o(b2n).(S.11)

By (S.5) and (S.10), |R12n| = O(λκd−1n ) = o(b2n). Hence, it remains to show
that R13n = o(b2n). By (S.8), the fact that In(0) = λdnZ̄

2
n, and the arguments
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leading to (S.11), it is enough to show that

(S.12)
N∑
k=1

G2
θ0(ωk)P2

(
R[1]
n (ωk), R

[2]
n (ωk), A

‡
n(ωk)

)
= o(b2n).

Note that by (C.5)’,

∣∣∣ N∑
k=1

G2
θ0(ωk)[R

[1]
n (ωk)]

2
∣∣∣

=

∣∣∣∣ ∫ ∫ ∫ ∫ N∑
k=1

G2
θ0(ωk)4 exp

(
ι(t + s)′ωk

)
Hn(t,x)Hn(s,y)dtdxdsdy

∣∣∣∣
≤ Cλ−2n

∫ ∫ ∣∣∣ N∑
k=1

G2
θ0(ωk) exp

(
ι(t + s)′ωk

)∣∣∣‖t‖‖s‖|σ(t)|σ(s)|dtds

≤ Cλ−2n ζ44+δ

∫ ∫
Mn(t + s)[γ1(t)γ1(s)]

δ
4+δ dtds

= o(b2n).(S.13)

Similarly,

∣∣∣ N∑
k=1

G2
θ0(ωk)[R

[2]
n (ωk)]

2
∣∣∣

≤ Cλ−2n

∫ ∫ ∣∣∣ N∑
k=1

G2
θ0(ωk) exp

(
ι[(t + s) + 2λn(x + y)]′ωk

)∣∣∣×
‖t‖‖s‖|σ(t)||σ(s)|f(x)f(y)dxdydtds

≤ Cζ44+δλ
−2
n

∫ ∫
Mn(t + s + 2λn[x + y])ν(dt, dx)ν(ds, dy)

= o(b2n).(S.14)

Also, using (C.2)(ii) and (S.10), it is easy to verify that

(S.15)
∣∣∣ N∑
k=2

G2
θ0(ωk)[A

‡
n(ωk)]

2
∣∣∣ = O(λκdn ) · ou(1) = o(b2n).

Now, using (S.13)-(S.15) and similar arguments for the cross-product terms,
one gets (S.12). This completes the proof of Lemma 7.4. �
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Lemma 7.5. Under the Conditions (C.0)-(C.3) and (C.5)’,

N∑
i=1

Gθ0(ωin)Gθ0(ωin)
′
[
Ĩ2n(ωin)−

(
A2
n(ωin)+K2φ2(ωin)

)]
= op(b

2
n), a.s.(PX).

Proof Note that by Conditions (C.0)-(C.1) and (C.2)(i) above and by

Lemma 5.2 of Lahiri [2], σ̂n(0) − σ(0) = Op(λ
−d/2
n ), a.s. (PX). Hence, it

is enough to prove the lemma with Ĩn(·) replaced by I∗n(·) ≡ In(·)−c−1n σ(0).
Note that

N∑
i=1

Gθ0(ωin)Gθ0(ωin)
′
(
In(ωin)− c−1n σ(0)

)2
=

N∑
i=1

Gθ0(ωin)Gθ0(ωin)
′
I2n(ωin)

−2c−1n σ(0)

N∑
i=1

Gθ0(ωin)G
′
θ0(ωin)In(ωin) + c−2n [σ(0)]2

N∑
i=1

Gθ0(ωin)Gθ0(ωin)
′

= J11 + J12 + J13 (say).(S.16)

Clearly, J13 is deterministic but J11 and J12 are random. We now derive the
‘in-probability, a.s.(PX)-limits’ of these two terms, starting with J11.

For notational simplicity, for the rest of the proof, we again set p = 1. For
M ∈ [1,∞), define Z(s;M) = Z(s)11(|Z(s)| ≤ M) − EZ(s)11(|Z(s)| ≤ M)
and Z∗(s;M) = Z(s)−Z(s;M), s ∈ Rd. Also, let dn(ω;M) and d∗n(ω;M) be
obtained from dn(ω) by replacing {Z(si) : i = 1, . . . , n} with {Z(si;M) : i =
1, . . . , n} and {Z∗(si;M) : i = 1, . . . , n}, respectively. Note that d∗n(ω;M) =
dn(ω) − dn(ω;M). Also, let SN (M) = b−2n

∑N
i=1G

2
θ0

(ωin)I2n(ωin;M) and

S∗N (M) = b−2n
∑N

i=1G
2
θ0

(ωin)I∗2n (ωin;M), where In(ω;M) = |dn(ω;M)|2
and I∗n(ω;M) = |d∗n(ω;M)|2. Then, using Cauchy-Schwarz inequality and
the inequality∣∣∣|z1|2 − |z2|2∣∣∣ ≤ (|z1|+ |z2|)|z1 − z2| for any complex numbers z1, z2,

one can show that∣∣∣b−2n N∑
i=1

G2
θ0(ωin)

[
I2n(ωin)− I2n(ω;M)

]∣∣∣ ≤ ∣∣∣S∗N (M)
∣∣∣+ 2

∣∣∣SN (M)S∗N (M)
∣∣∣1/2.

Hence, it suffices to show that, for some suitable sequence M = Mn → ∞,
a.s. (PX),

(S.17)

(i) limn→∞ E
∣∣∣S∗N (M)

∣∣∣ = 0,

(ii) limn→∞ |ESN (M)− b−2n Σn| = 0,

(iii) limn→∞ Var
(
SN (M)

)
= 0.


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We shall set Mn = (log λn)2d for the rest of the proof.
First consider parts (i) and (ii) of (S.17). By arguments similar to those

used in the proof of Lemma 7.4, we get

E(SN (M)) = 2b−2n

N∑
i=1

G2
θ0(ωin)A2(ωin;M) + o(1);(S.18)

E
∣∣∣S∗N (M)

∣∣∣ = ES∗N (M) = 2b−2n

N∑
i=1

G2
θ0(ωin)A∗2(ωin;M) + o(1),(S.19)

a.s. (PX), provided the following analogs of (S.10) hold:

∣∣∣ N∑
k=1

G2
θ0(ωkn)φ∗(ωkn;M)

∣∣∣ = o(λκdn );(S.20)

∣∣∣ N∑
k=1

G2
θ0(ωkn)φ(ωkn;M)

∣∣∣ = O(λκdn ),(S.21)

a.s. (PX). Here A(ω;M) and A∗(ω;M) are defined by replacing σ(·) and
φ(·) in A(ω) by the auto-covariance functions and the spectral densities of
the {Z(·;M)}- and {Z∗(·;M)}-processes, respectively. (Note that for p > 1
and 1 ≤ i 6= j ≤ p, by Cauchy-Schwarz inequality, E|b−2n

∑N
k=1Gi,θ0(ωkn)

Gj,θ0(ωkn)I∗2n (ωkn,M)| admits a bound involving terms of the form ES∗N (M),
and hence, the restricting attention to the p = 1 suffices.)

Let ζ∗a(M) = sup{(E|Z∗(s;M)|a)1/a : s ∈ Rd} for a > 0. Also, write
σ∗(t;M), σ∗1(t;M) and σ∗2(t;M) respectively for Cov(Z∗(0;M), Z∗(t;M)),
Cov(Z∗(0;M), Z(t;M)) and Cov(Z(0;M), Z∗(t;M)). Note that the bound
by the monotone function h in Condition (C.3)(ii) need not hold for the
spectral density φ∗(·;M) (and for φ(·;M)) after truncation. We now develop
an alternative approach to derive the growth bounds above. With a = δ/2
(where δ ∈ (0, 1] is as in (C.1)), by Lemma 7.1 and the inversion formula,
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we have ∣∣∣ N∑
k=1

G2
θ0(ωkn)φ∗(ωkn;M)

∣∣∣
≤ C(d)

N∑
k=1

φ∗(ωkn;M)

≤ C(d)(2π)−d
∫ ∣∣∣ N∑

k=1

exp(ιt′ωkn)
∣∣∣|σ∗(t;M)|dt

≤ C(d)

∫ ∣∣∣ N∑
k=1

exp(ιt′ωkn)
∣∣∣[γ1(‖t‖)] a

2+a [ζ∗2+a(M)]2dt

≤ C(d)λκdn (log λn)dζ44+δM
−2 = o(λκdn ),(S.22)

where the step before the last one follows by Markov’s inequality. This proves
(S.20).

Next, consider (S.21). It is easy to verify that

σ(t) = σ(t;M) + σ∗(t;M) + σ∗1(t;M) + σ∗2(t;M).

Now using arguments similar to those leading to (S.22), one can show that
for r = 1, 2,

∣∣∣ N∑
k=1

G2
θ0(ωkn)

[
[φ(ωkn;M)]r − [φ(ωkn)]r

]∣∣∣
≤ C(d, r)

∫ ∣∣∣ N∑
k=1

exp(ιt′ωkn)
∣∣∣{|σ∗(t;M)|+ σ∗1(t;M) + σ∗2(t;M)}dt

≤ C(d, r)

∫ ∣∣∣ N∑
k=1

exp(ιt′ωkn)
∣∣∣[γ1(‖t‖)] a

2+a [ζ∗2+a(M)]2{[ζ∗2+a(M)]2 + ζ22+a}dt

= o(λκdn ).(S.23)

This proves (S.21). Parts (i) and (ii) of (S.17) now follow from (S.18), (S.19),
(S.22) and (S.23).

Next consider Part (iii) of (S.17). Write Cn(·;M) and Sn(·;M) for the
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real and the imaginary parts of dn(·;M). Then,

Var
(
SN (M)

)
b−4n

N∑
i=1

N∑
j=1

G2
θ0(ωin)G2

θ0(ωjn)χ2

(
I2n(ωin;M), I2n(ωjn;M)

)
,

= b−4n

N∑
i=1

N∑
j=1

G2
θ0(ωin)G2

θ0(ωjn)χ2

({
C2
n(ωin;M) + S2

n(ωin;M)
}2
,

{
C2
n(ωjn;M) + S2

n(ωjn;M)
}2 )

= Q1n(M) +Q2n(M) + · · ·+Q9n(M). (say)

We will show that limM→∞ lim supn→∞Q1n(M) = 0, a.s. (PX), where

Q1n(M) = b−4n

N∑
i=1

N∑
j=1

G2
θ0(ωin)G2

θ0(ωjn)χ2

(
C4
n(ωin;M), C4

n(ωjn;M)
)
.

The other terms can be shown to be negligible using similar arguments.
Using the product formula of cumulants,

χ2

(
C4
n(ωin : M), C4

n(ωjn;M)
)

=
8∑
q=1

∑??

q

q∏
i=1

χ|Ii|

(
Cn(Ii;M)

)
where

∑??
q extends over all “indecomposable” partitions by q non-empty

subsets I1, · · · , Iq of the (2× 4) array:

(1, 1) (1, 2) (1, 3) (1, 4)
(2, 1) (2, 2) (2, 3) (2, 4).

Since ECn(ωjn;M) = 0 for all j, the summands under
∑??

q are all zero for
q = 5, · · · , 8. Hence it follows that

|Q1n(M)|

≤ b−2n
∑??

4

N∑
i=1

N∑
j=1

G2
θ0(ωin)G2

θ0(ωjn)

∣∣∣∣∣
4∏
i=1

χ2

(
Cn(Ii;M)11(|Ii| = 2)

)∣∣∣∣∣
+b−2n

3∑
q=1

∑??

q

N∑
i=1

N∑
j=1

G2
θ0(ωin)G2

θ0(ωjn)∣∣∣∣∣∣
∏
1q

χ2

(
Cn(Ii;M)

)∏
2q

χ|Ii|

(
Cn(Ii;M)

)∣∣∣∣∣∣
= Q

(1)
1n (M) +Q

(2)
1n (M), say,
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where the products
∏

1q extends over all factors with |Ii| = 2 and
∏

2q

extends over the remaining factors (with |Ii| ≥ 3). First consider Q
(1)
1n (M).

Now,

Q
(1)
1n (M)

≤ Cb−4n
N∑
i=1

N∑
j=1

G2
θ0(ωin)G2

θ0(ωjn)
[
χ4
2

(
Cn(ωin;M), Cn(ωjn;M)

)
+
∣∣∣χ2

(
Cn(ωin;M)(2)

)
χ2

(
Cn(ωjn;M)(2)

)∣∣∣χ2
2

(
Cn(ωin;M), Cn(ωjn;M)

)]
,

where, for any random variable W and r ∈ N, we set W (r) = (W, . . . ,W )′ ∈
Rr. Now using (S.6) and (S.8), and arguments in the proof of (S.21), one

gets limn→∞Q
(1)
1n (M) = 0, a.s. (PX).

Next, using Lemma 7.2 and similar arguments, one can show that each of

the terms in Q
(2)
1n (M) for q = 1, 2, 3 is negligible. Here we outline the main

steps for the case q = 1 to point out the special treatment needed to handle
cumulants of order greater than 4 under the moment and mixing conditions
(C.0)-(C.1). Let ζa(M) = sup{(|Z(s;M)|a)1/a : s ∈ Rd}, a ≥ 1. Note that∑∞

k=1 k
3dγ1(k)

δ
4+δ <∞ implies that

γ1(k) = o
(

[k−3d]
4+δ
δ

)
as k →∞.

Hence, for q = 1, by Lemma 7.2, for η > 0,∣∣∣χ8

(
Cn(ωin;M)(4), Cn(ωjn;M)(4)

)∣∣∣
≤ C

[
Cλn∑
k=1

k7d[α(k; 8)]
η

8+η

]
λdn[λ−d/2n ]8ζ88+η(M)

≤ CM8λ−3dn

Cλn∑
k=1

k7d
[
k−

3d(4+δ)
δ

] η
8+η

≤ C(d, η)M8λ−3dn ,

by choosing η > 0 sufficiently large, such that 7 − 15η
8+η < −1, where the

constant C(d, η) does not depend on i, j ∈ {1, . . . , N}. Using the bound
above for q = 1 and similar arguments for the terms for q = 2, 3, one can

conclude that limn→∞Q
(2)
1n (M) = 0, a.s. (PX). This shows that (cf. (S.18))

∥∥∥b−2n N∑
k=1

Gθ0(ωkn)Gθ0(ωkn)′
[
I2n(ωkn)− 2A2

n(ωkn)
]∥∥∥ = op(1), a.s.(PX).
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By similar arguments, ‖b−2n
∑N

k=1Gθ0(ωkn)Gθ0(ωkn)′[In(ωkn)−An(ωkn)]‖ =
op(1), a.s.(PX). Hence, in view of (S.16), Lemma 7.5 follows. �

Lemma 7.6. Under the Conditions (C.0)-(C.3) and (C.5)’, for any ε >
0,

P

(
max

1≤k≤N
‖Gθ0(ωkn)In(ωkn)‖ > εbn

)
= o(1), a.s. (PX).

Proof W.l.g., suppose that p = 1. It is enough to show that a.s. (PX),

lim
n→∞

b−4n

N∑
i=1

G4
θ0(ωin)

[
EC∗4n (ωin;M) + ES∗4n (ωin;M)

]
= 0

lim
n→∞

b−8n

N∑
i=1

G8
θ0(ωin)

[
EC8

n(ωin;M) + ES8
n(ωin;M)

]
= 0,

where C∗n(·;M), Cn(·;M), . . . etc. are as defined in the proof of Lemma 7.5.
Both of these relations can be proved by recasting the arguments in the
proof of Lemma 7.5. We omit the routine details. �

Lemma 7.7. Let cho(B) denote the interior of the convex hull of a set
B ∈ Rp. Under the Conditions (C.0)-(C.3) and (C.5)’,

P
(

0 ∈ cho{Gθ0(ωkn)Ĩn(ωkn)}Nk=1

)
→ 1 as n→∞ a.s. (PX).

Proof We outline the main steps. Let U ≡ {y ∈ Rp : ‖y‖ = 1}. As in
the proof of Lemma 7.5, it can be shown that, as n → ∞ for any sequence
yn ∈ U with yn → y0 for some y0 ∈ U ,

dn(yn) ≡ λ−dκn

N∑
j=1

y′nGθ0(ωjn)Ĩn(ωjn)I
(
y′nGθ0(ωjn)Ĩn(ωjn) > 0

)
p−→

∫
{y′0Gθ0φ>0}

y′0Gθ0(ω)φ(ω)K dω a.s.(PX),(S.24)

where I(·) denotes the indicator function. To ease the notation, we will sup-
press the qualification “a.s.(PX)”, which holds implicitly throughout the re-
mainder. As

∫
Rd Gθ0(ω)φ(ω) dω = 0 by (C.2) and

∫
Rd Gθ0(ω)G′θ0(ω)φ2(ω) dω

is positive definite by (C.3)(iv), Λ ≡ infy∈U
∫
{y′Gθ0φ>0}G

′
θ0

(ω)yφ(ω) dω ≥
c0 holds for some c0 > 0 (cf. Owen [3], Lemma 2). By (S.24) and using
countability arguments, for any subsequence {nj} ⊂ {n}, we take a further
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subsequence {nk} ⊂ {nj}, letting nk ≡ k, such that lim infk→∞ Λk > c0/2
holds a.s.(P ), for Λk ≡ infy∈U dk(y). Hence, on this set of P -probability 1, it
follows (pointwise) that Λk > c0/2 > 0 eventually for large k. When Λk > 0
holds, 0 must lie in the interior convex hull of {Gθ0(ωjk)Ĩk(ωjk)}Nkj=1. If not,
then by the separating hyperplane theorem, there exists a ∈ U such that
a′Gθ0(ωjk)Ĩk(ωjk) ≤ 0 for all j = 1, ..., Nk, implying a contradiction Λk ≤
dk(a) = 0. Thus, pointwise on a set of P -probability 1, 0 eventually belongs
to ch0{Gθ0(ωjk)Ik(ωjk)}Nkj=1. Since the original subsequence {nj} ⊂ {n} was

arbitrary, we have the result P
(

0 ∈ cho{Gθ(ωjn)Ik(ωjn)}Nj=1

)
→ 1. �

To conclude, we present the proof of Proposition 4.1 from Section 4, which
involves verifying Condition (C.5)’ on prototypical examples of spectral es-
timating functions given in Section 3.2 (cf. Examples 1-3 there).

Proof of Proposition 4.1. First consider Example 1. Here Gj,θ(ω) =
cosh′jω − θj , 1 ≤ j ≤ p, where θj = corr(Z(hj), Z(0)). For any 1 ≤ i, j ≤ p,∣∣∣∑N

k=1Gi,θ0(ωkn)Gj,θ0(ωkn) exp(ιt′ωkn)
∣∣∣ is bounded above by a constant

multiple of a sum of at most 16 terms of the form

V1n(a,b) ≡
∣∣∣ N∑
k=1

exp(ι[a + b]′ωkn) exp(ιt′ωkn)
∣∣∣

for a,b ∈ {0,±hi,±hj}. Using arguments similar to those in the proof of
Lemma 7.1 and using (S.1), it is easy to show that

V1n(a,b) ≤ C
d∏

k=1

gn(e′k[t + a + b])

where the constant C does not depend on a,b (and n). Finally, using a
change of variables for the case a1 = 1, one can establish Condition (C.5)’
(with the bound O(λκdn (log λn)d) = o(λnb

2
n)), as in the proof of Lemma 7.1.

Next consider Example 2. Here
∣∣∣∑N

k=1Gi,θ0(ωkn)Gj,θ0(ωkn) exp(ιt′ωkn)
∣∣∣

is bounded above by a constant multiple of a sum of at most 16 terms of
the form

V2n(a,b) ≡
∣∣∣ N∑
k=1

11A(ωkn)11B(ωkn) exp(ιt′ωkn)
∣∣∣

where A and B are d-dimensional rectangles determined by t1, . . . , tp of
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Example 2. As in (S.1), it is easy to show that for any [a, b] ⊂ [−∞,∞],∣∣∣ ∑
−C∗ληn≤j≤C∗ληn

11[a,b](jλ
−κ
n ) exp(ιtjλ−κn )

∣∣∣
=

∣∣∣∑
j

11
(
− C∗ληn ∨ aλκn ≤ j ≤ C∗ληn ∧ bακn

)
exp(ιtjλ−κn )

∣∣∣ ≤ gn(t),

where gn(t) ≡

{
(2C∗ + 1)ληn if |(tλ−κn )2π| ≤ λ−ηn

C∗

|(tλ−κn )2π |
if λ−ηn ≤ |(tλ−κn )2π| ≤ π.

Hence, Condition (C.5)’ likewise follows for Example 2. The proof for Ex-
ample 3 is similar to that for Example 1 and hence it is omitted. �

2. Additional Simulation results. To facilitate a direct comparison
of different cases, we present the results from the simulation results for all
three sets of lags, including the set h1 = (1, 1)′,h2 = (1,−1)′ reported in
the main paper.
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Table 1
Coverage percentage of 90% SFDEL regions for variogram model parameters θ (uniform

design).

h1 = (1, 1)′,h2 = (1,−1)′

λn = 12 λn = 24 λn = 48
C κ 100 400 900 1400 100 400 900 1400 100 400 900 1400

1 0.05 86.4 85.6 82.0 80.3 88.9 87.8 87.8 89.9 89.3 89.4 89.7 87.9
1 0.1 87.1 85.3 78.6 75.9 89.0 90.2 89.6 90.4 89.0 91.4 91.5 90.0
1 0.2 86.5 85.1 81.1 76.4 90.0 88.7 90.1 89.7 87.6 87.9 87.9 88.9

2 0.05 88.1 87.8 86.1 85.9 89.0 88.6 89.7 87.9 89.2 88.9 90.5 89.7
2 0.1 86.6 86.8 86.2 84.2 89.2 88.4 91.1 89.9 90.6 90.0 90.0 91.4
2 0.2 89.6 88.8 84.6 83.8 88.9 89.9 89.9 89.2 89.9 89.3 88.1 89.4

4 0.05 89.0 87.8 89.6 88.1 89.3 89.0 90.1 90.2 92.9 88.2 90.6 89.9
4 0.1 86.3 88.6 88.7 86.4 90.3 89.4 90.3 89.2 92.0 87.8 90.8 89.1
4 0.2 88.4 89.0 87.4 87.9 88.7 88.9 90.0 89.6 92.8 88.6 88.5 88.8

h1 = (1, 1)′,h2 = (3, 3)′

C κ 100 400 900 1400 100 400 900 1400 100 400 900 1400

1 0.05 88.4 87.9 81.8 82.8 89.7 90.6 88.6 90.8 89.6 91.3 90.0 90.8
1 0.1 89.0 87.1 83.3 80.2 88.8 89.7 89.0 89.5 89.7 89.5 89.9 88.9
1 0.2 88.5 86.1 83.7 81.1 90.2 90.5 89.5 89.7 89.1 89.7 89.4 89.0

2 0.05 89.1 88.9 88.2 86.5 89.4 89.5 90.4 91.0 88.7 88.9 89.7 89.3
2 0.1 90.0 88.9 89.2 87.2 87.7 90.3 91.3 89.9 89.3 89.6 89.1 91.0
2 0.2 89.3 89.8 86.3 85.9 89.3 90.5 88.6 88.6 88.8 89.8 87.3 89.0

4 0.05 90.7 89.4 90.9 89.2 89.6 89.5 89.5 89.8 93.3 89.9 90.8 88.6
4 0.1 88.7 89.5 90.9 89.1 90.0 88.9 90.2 89.6 92.6 87.7 89.4 88.8
4 0.2 89.4 89.8 90.6 90.0 89.7 88.4 89.2 90.8 93.5 88.5 89.9 90.1

h1 = (3, 3)′,h2 = (−3,−3)′

C κ 100 400 900 1400 100 400 900 1400 100 400 900 1400

1 0.05 89.8 87.4 87.2 88.0 89.6 91.5 89.5 90.1 89.5 91.5 89.8 90.0
1 0.1 91.6 91.4 89.4 87.6 89.5 89.4 88.8 89.8 89.2 89.3 90.8 89.6
1 0.2 89.9 87.0 86.1 87.0 89.8 89.5 88.3 88.7 89.1 90.7 90.5 90.2

2 0.05 91.5 91.9 90.9 90.2 91.1 89.6 89.8 90.7 90.5 90.0 89.1 89.1
2 0.1 91.3 91.5 91.6 91.6 88.6 91.4 89.7 90.2 88.8 90.4 90.0 91.9
2 0.2 88.9 88.9 91.0 86.5 88.1 91.0 88.8 87.6 89.3 89.8 87.8 89.6

4 0.05 91.3 91.1 91.9 90.7 91.5 89.9 90.4 90.5 93.2 87.5 90.6 89.7
4 0.1 91.4 91.9 92.4 91.7 89.8 89.8 88.3 89.1 92.8 89.2 90.1 88.5
4 0.2 91.0 90.1 92.6 90.7 91.0 87.4 90.7 89.8 93.5 89.8 88.8 88.6
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Table 2
Coverage percentage of 90% SFDEL regions for variogram model parameters θ

(non-uniform design)

h1 = (1, 1)′,h2 = (1,−1)′

λn = 12 λn = 24 λn = 48
C κ 100 400 900 1400 100 400 900 1400 100 400 900 1400

1 0.05 88.3 86.8 85.5 79.6 89.4 88.9 86.4 90.1 90.2 89.2 89.6 90.0
1 0.10 85.7 83.5 80.3 78.7 88.8 87.7 89.6 92.0 87.0 90.5 89.5 89.3
1 0.20 87.9 86.0 82.4 79.1 89.6 90.0 90.7 90.0 87.4 88.2 88.8 88.7

2 0.05 89.4 89.3 88.0 83.8 90.1 88.6 89.7 88.9 89.6 90.7 89.5 91.2
2 0.10 86.2 87.7 84.3 85.9 89.0 90.7 90.0 88.4 90.1 91.5 90.1 90.0
2 0.20 88.7 89.5 88.5 85.6 90.7 90.4 89.7 88.5 89.7 88.5 90.3 89.8

4 0.05 89.5 89.5 88.3 88.0 87.7 90.0 88.6 90.7 91.8 89.8 89.2 90.9
4 0.10 87.0 88.8 87.4 86.2 89.0 89.9 87.9 89.4 91.7 87.9 88.2 89.9
4 0.20 90.6 89.1 89.1 86.3 89.5 89.0 87.9 89.4 91.5 90.2 89.3 90.1

h1 = (1, 1)′,h2 = (3, 3)′

C κ 100 400 900 1400 100 400 900 1400 100 400 900 1400

1 0.05 90.4 88.7 86.1 83.0 88.8 89.2 87.6 90.3 90.1 89.4 89.9 89.0
1 0.10 87.3 84.7 81.3 81.5 88.7 88.4 90.2 90.6 88.8 92.2 90.6 90.2
1 0.20 88.8 87.0 85.8 83.4 89.7 90.5 90.5 89.9 87.6 89.9 89.3 88.7

2 0.05 91.0 90.0 88.4 86.8 90.5 90.0 89.5 89.6 90.2 89.6 91.0 92.4
2 0.10 89.5 90.8 87.6 88.1 88.7 90.4 89.7 90.4 89.4 91.4 90.8 88.8
2 0.20 87.8 90.1 89.4 86.3 89.6 90.5 89.9 89.4 90.6 87.8 88.2 90.4

4 0.05 89.2 90.2 89.3 90.8 89.3 91.6 89.8 90.4 93.9 90.4 89.2 88.4
4 0.10 88.3 88.6 89.4 89.0 89.6 91.4 89.3 90.1 92.6 89.4 89.4 89.7
4 0.20 91.1 90.2 89.9 89.0 89.6 88.3 88.9 89.9 91.3 89.8 90.4 88.2

h1 = (3, 3)′,h2 = (−3,−3)′

C κ 100 400 900 1400 100 400 900 1400 100 400 900 1400

1 0.05 90.0 88.5 87.9 86.2 88.9 90.4 90.0 88.0 88.9 90.5 89.5 91.2
1 0.10 91.6 90.6 86.6 85.6 89.8 91.3 89.9 89.7 89.3 92.0 89.9 89.3
1 0.20 90.1 87.5 85.9 86.1 89.4 88.8 89.6 87.6 89.8 89.3 90.0 89.7

2 0.05 91.3 90.5 89.5 90.8 90.5 90.9 89.6 88.9 89.9 88.9 89.5 90.8
2 0.10 92.1 92.6 90.2 91.0 88.7 89.6 89.7 91.3 89.1 90.1 89.9 88.9
2 0.20 88.3 90.8 89.8 88.7 89.4 89.3 90.3 88.0 90.8 88.6 87.2 90.3

4 0.05 90.3 91.0 91.5 92.5 89.6 91.3 89.8 89.2 95.3 90.2 90.3 88.6
4 0.10 90.2 90.2 91.5 92.9 90.8 91.6 90.2 90.2 93.2 89.9 89.7 89.2
4 0.20 91.0 91.2 90.8 90.9 90.1 88.5 88.4 90.3 92.1 89.7 90.1 90.2
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