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Abstract

It is already known that the convolution of a bounded density with itself can be estimated at the root-n
rate using the two asymptotically equivalent kernel estimators: (i) Frees estimator (Frees (1994)) and (ii)
Saavedra and Cao estimator (Saavedra and Cao (2000)). In this work, we investigate the efficiency of these
estimators of the convolution of a bounded density. The efficiency criterion used in this work is that of a
least dispersed regular estimator described in Begun et al. (1983). This concept is based on the Héjek-Le

Cam convolution theorem for locally asymptotically normal (LAN) families.
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1. Introduction

Let X;,---,X, be independent and identically distributed random variables with distribution function F'
and bounded density f. Let p denote the convolution fxf of f with itself,

p(z) = / f@)f(@ - y)dy, =€ R. (L1)

In the field of statistics, density estimates play an important role. However in many instances, instead of
estimating the density of the observations, one is interested in estimating the convolution density p(-) as in
(1.1). Frees (1994) describes motivating examples of practical applications of p(x) in the insurance, as well as
reliability, areas. One can also use estimators of p(-) to test whether f belongs to a given family of densities
that is closed under convolutions, like the Gaussian family of densities (see, Schick and Wefelmeyer (2007)).
Moreover, if the density function is symmetric then p(0) = [ f?(y)dy. Estimation of p(0) is of extreme
importance in the study of rank-based nonparametric inference problems because it is a basic quantity
involved in the expressions for asymptotic efficiency of rank tests for problems in location shift, analysis of
variance, etc.; see for example, Prakasa Rao (1983), Hall and Marron (1987), Bickel and Ritov (1988) and
the references therein.

Frees (1994) first proposed a kernel estimator for the convolution as follows
N\ !
plx) = ( ) > Kn(z—-Xi—X;), z€R, (1.2)
1<i<j<n

where K, () = h,; 1K (z/h,,) for some kernel density K (-) and for some bandwidth h,,. Later, Saavedra and
Cao (2000) introduced the natural estimator of p(x), defined by plugging in the kernel density estimator f
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in place of f in (1.1) and proved the asymptotic normality of the proposed estimator. However Schick and
Wefelmeyer (2007) proved that the two estimators proposed by Frees (1994) and Saavedra and Cao (2000)
were asymptotically equivalent. Hence, we restrict our attention to estimators (1.2). Frees (1994) showed
that under some smoothness assumptions on the density, the convolution function p(-) can be estimated
using (1.2) at the parametric rate n~'/2. Schick and Wefelmeyer (2004) generalized the result and proved
/n-consistency of the Frees estimator of the convolutions in weighted £; norms under some additional
moment conditions. They showed that n'/2(p — p) converges in distribution to a centered Gaussian process
in £4 norm whose covariance structure matches that of 2f(- — X1). Schick and Wefelmeyer (2007) further
proved y/n-consistency of the Frees estimator under weaker smoothness assumptions on the density f and
they showed that the same asymptotic normality could still be achieved under those weaker assumptions.
Finally Giné and Mason (2007) derived a functional central limit theorems in £,, 1 < p < oo, in the general
setting of Frees (1994), and uniformly in the bandwidth.

The goal of this paper is to study the efficiency of the Frees estimator as in (1.2) for the convolution of a
bounded density f with itself, for a fixed « € IR. The previous works discuss the consistency and asymptotic
properties of (1.2). However the efficiency of this estimator is still not known. In this work we have shown
that the Frees estimator is actually an efficient estimator. This will also imply the efficiency of the Saavedra
and Cao estimator since it is asymptotically equivalent to the Frees estimator. The efficiency criterion used
in this work is that of a least dispersed regular estimator described in Begun et al. (1983), Pfanzagl and
Wefelmeyer (1982) and Schick (1996); see also the monograph by Bickel et al. (1993). This concept is based
on the Hdjek-Le Cam convolution theorem for locally asymptotically normal (LAN) families.

The rest of the paper is organized as follows. In Section 2 we state the main result of this work followed

by the proof of the result in Section 3.

2. Result

Let ® = the set of all bounded Lebesgue densities and X7, Xs,--- be measurable functions which are
independently and identically distributed with distribution Qy for each ¥ € ©. dQy = ¥d\ where A denote
the Lebesgue measure and for a fixed x € IR, let us define k; : © — R by k() = 9%9(x).

Let h be a measurable function from IR to IR™, for a fixed m > 1 such that [hdF =0, [||h||*dF < oo,
H = [hhTdF is positive definite and A = {§ € IR™ : ||6]| < 1}. Now let us define a model {f5 : § € A}
where f5, = f(1+6Ths) with hs = hs — [ hsdF where hs = h I(||h]| < ||6]|7/2/2) for § € IR™. Now before

stating the main theorem, let us briefly go over few definitions.

Definition 2.1. By a path through f we mean a function m from an open neighborhood A, of the origin
into the function space © such that w(0) = f.

Remark By construction of fs ) as above, we have a path m(0) = f5 5, which defines the model {fs5 : 6 € A}.

Definition 2.2. We say that the path m defined by w(8) = fs.5 is ky-smooth if the following two conditions

are met.
(i) The model {fs : 6 € A} is Hellinger differentiable at 0 with a positive definite information.

(ii) The function kz o T is differentiable at 0.



Suppose now II denote the collection of all such paths. Then we have the following definition.

Definition 2.3. The closed linear span of the tangent set (see, Bickel et al. (1993)) is called the tangent
space generated by 11 and is denoted by II. We call 11 proper if for every finite-dimensional linear subspace

L of 11 there exists a path € I1 with the tangent set containing L.

Equipped with the above definitions (2.1) - (2.3), we propose the following theorem concerning the model
{f(;,h ;0 € A}

Theorem 2.4. The model {fsn : 6 € A} has the following properties.

(i) For every § € A, f5p is a bounded density.

(i) The model is Hellinger differentiable at 0 with Hellinger derivative h and invertible information H.
(i1i) The function k. (fs.5) is differentiable at 0 with derivative 2f+(hf)(z).

In the light of above definitions (2.1) and (2.2), Theorem 2.4 shows that the path 7 defined by 7(d) = f5.

i8 Kz-smooth.

Proposition 2.5. For the path defined by w(8) = fs.1, the tangent space 11 = Ly o(F) = (v : R—R: [¢dF
=0, f¢2dF < oo} and 11 is proper.

Now 2fx(hf)(z) = [2f(z —y)h(y) f(y)dy = [ ghdF with g(y) = 2f(x —y), for all y € IR. Hence k, has

II-gradient g. A canonical gradient is given by
9. =9 [ 9aF =2(f(a ~y) - fef(@))

which is also the influence function of p(x) from the representation given below in (2.3). For the proof of

this representation we refer the reader to the paper Schick and Wefelmeyer (2007). They have shown that,

n

p(z) — plx) = 2 Y@= X5) = p()] + op(n'?). (2.3)

n
Jj=1

Hence following the efficiency criterion described in Begun et al. (1983), Pfanzagl and Wefelmeyer (1982),
Bickel et al. (1993) and Schick (1996) we say that, since II is proper and g. is a canonical gradient, then

p(x) is least dispersed regular for k, and II, since it has the influence function g, from (2.3).

3. Proof

Before giving the proof of Theorem 2.4 let us describe the following lemma in a more general setup which

will be needed to prove the theorem.

Lemma 3.1. Let (Q,A{Py : ¥ € O}) and (S,S,{Qy : ¥ € O}) be two experiments and X1, Xo, - be
measurable functions from Q into S which are independently and identically distributed with distribution Qg

3



under Py for each ¥ € ©. Let G be a probability measure on S and h be a measurable function from S
to IR® such that [ ||h||?dG is finite. Suppose 1 be another measurable function from S to IRP such that
f¢¢TdG is well defined and positive definite and the span {aT+ : a € IR’} contains 1. Then there is a
model {Gy : t € A} with A an open neighborhood of the origin in IR* with the following properties:

1. Go =G.
2. For eacht € A, [¢dGy = [¢dG.
3. The model {Gy : t € A} is Hellinger differentiable at 0 with Hellinger derivative

T=h-— /thdG (/ WTdG)_lq/).

4. For every G-integrable function ¢, [ ¢dGy; — [ ¢dG as t — 0.

Proof Let C = [hyTdG, ¥ = [¢pTdG and M = CU~'. Let A = ||M]| denote the euclidean norm of
M. For t € IRF with ||t|| < 1, let h; and 9, be measurable functions such that ||| < [|¢]|~'/%/2 and
[[e]| < [|t]]7Y2/(2A + 2) and that [ ||h; — h||?dG — 0 and [||¢y — ¥|[?dG — 0 as t — 0. The choices
hy = hI(||h]| < |[t]|71/2/2) and ¥y = »I(||¥]] < |[t]|7*/?/(2A + 2)) work. Then C; = [ hy3pTdG converges to
Cand ¥, = [ YT dG converges to W as t — 0. Thus there is a neighborhood A of the origin such that ¥,
is invertible for ¢t € A, and the matrix M; = C;¥; ', which converges to M, has norm less than A 4+ 1. For
t € A set hy = hy — Mytpy and g, = 1+ tThy. Then |[hy]] < ||#]|7/2 and

lge — 1] < [[¢][>. (3.4)
Thus g, is positive as ||t|| < 1. Moreover,
/ g0t adG = / YT adG +t7[C, — My, )a = / YT adG (3.5)

for all a € IRP. For a such that a”¢ = 1, we then get J 9:dG = 1. This shows that g; is a probability density
function with respect to G. Let now G} denote the probability measure with density g; with respect to G.
Then Gy = G; by (3.5), [ $dGy = [ ¢dG; and by (3.4), | [ ¢dGy — [ 6dG| < [ |gi—1]|$|dG < [[t]['/* [ |¢|dG.
Thus we are left to show the Hellinger differentiability of the model. For this we use the inequality

1
[WV1i+z—1-— §x| <z, |z < 1/2,
which is derived via a Taylor expansion. Then, for small enough ¢, we have |t7h|2 < ||t|| < 1/2 and thus
2
1 .~ ~ ~
/ (\/gj— 1- 2tTht> dG < /|tTht|4dG < |\t|\3/||ht||2dG.
Thus we have
1 \2
[ (Va-1-37) a6 = ol
It follows from what we have already shown that [ ||k — 7||2dG — 0 as t — 0. Thus

1.\ 1=\ ~
/(\/gﬁ—l—QtTT) dG<2/<\/§—1—2tTht> dG+2HtH2/||ht—T||2dG=O(||t||2).

This shows that the model is Hellinger differentiable with the desired Hellinger derivative 7.

We shall now use Lemma 3.1 to prove Theorem 2.4.
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3.1. Proof of Theorem 2.4
(i) Fix a § € A. By the construction of the functions, ks and hs are measurable functions such that
||hs|| < [|6]|~1/2/2 and hence ||hs|| < ||6]|7*/2. Then,

1 f5.0 = £l = [1LFINI6T Rsll < [[F1INI6I12 < (1 £1]-

This implies || f5.n]| = || fo.n— f+ f|| < 2||f||- Hence, f5 is bounded. Also [ fsnd\ = [ fd\+ [T hsfd\ =1
since hg is centered. Therefore, fs5 1 is a bounded density function.
(ii) We can prove this by the Lemma 3.1 applied with ¢ (z) = 1.

(iii) To prove this part, we will use the following properties of the convolution function.

a. fxg = gxf for all bounded density functions f and g.

b. (f +9)x(f +9) = fxf +2fxg + gxg.

c. For any € IR, |f * g|(x) < ||fllpllgllg, where % + % = 1. In particular, we will use the cases when

p=1l,g=ococand p=2,q=2.
Also, since the model is Hellinger differentiable, so using Proposition 3 of Appendix 5 in Bickel et al. (1993)
we get || fsn — f — 6T hf|l1 = o(||0]]) as 6 — 0. Hence,
D(z) = [fsn*fsn — fxf — 267 fx(hf)] (z)
= [2fx (fsn— f = 6Thf) + (fsn— f)x(fon — [)] (2).

Hence,
1D()| < [21f* (fsn = f = 0Thf) [+ (fon — F)* (fsn — )] (@)
< 2| Fllooll o0 = F = 8 RFl + || fsn — fII3
< 20(1)o(|l8]]) + (||\/E||oo + ||\/f||o<>)2 IV Fon =V I1I3
< o(l[al])-
Therefore,

ka(fon) = ka(f) = 207 fx(hf)(z) = o(||3])-

Hence the function . (fs) is differentiable at 0 with derivative 2f*(hf)(x).

3.2. Proof of Proposition 2.5
For any h, Tr, = {3°i%; a;ihi:a € R™} C Lyo(F). Hence the tangent set T = Uy, cr T, € Lo2,0(F).
Conversely, suppose 9 € Lao(F). If ¢p = 0, then ¢ € T, for any h (Take a = 0). If ¢p # 0, then
using Theorem 2.4, we can construct a r,-smooth path 7y such that ¢ € Ty, implying ¢ € Ty;. Hence
Loo(F) C Tiy. Therefore Ty = L2 o(F) and hence 1T = L5 o(F).

Now suppose L be any finite-dimensional linear subspace of I1 with an orthonormal basis (1,9, hm]T
and let us define h = [th1, %2, -+ ,¥m]T. Then [hdF =0 and [hhTdF =1 and

Ty, = {aTh = Zaﬂ/)i ta € ]Rm} =1L.
1=1
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Hence II is proper.
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