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ABSTRACT

Asymptotic distribution of the Discrete Fourier Transformation (DFT) of spatial data under pure
and mixed increasing- domain spatial asymptotic structures are studied under both deterministic
and stochastic spatial sampling designs. The deterministic design is specified by a scaled version
of the integer lattice in IR? while the data-sites under the stochastic spatial design are generated
by a sequence of independent random vectors, with a possibly nonuniform density. A detailed
account of the asymptotic joint distribution of the DFTs of the spatial data is given which, among
other things, highlights the effects of the geometry of the sampling region and the spatial sampling
density on the limit distribution. Further, it is shown that in both deterministic and stochastic
design cases, for “asymptotically distant” frequencies, the DFTs are asymptotically independent,
but this property may be destroyed if the frequencies are “asymptotically close”. Some important

implications of the main results are also given.
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1 Introduction

In recent years, there has been a surge of research interest in the analysis of spatial data using the
frequency domain approach; see for example, Hall and Patil (1994), Im et al. (2007), Fuentes (2002,
2005, 2007), and the references therein. At a heuristic level, the popularity of the frequency domain
approach lies in the fact that for equi-spaced time series data, the discrete Fourier transform (DFT)
of the observations are asymptotically independent (cf. Kawata (1966,1969), Fuller (1976) and
Brockwell and Davis (1991), Lahiri (2003b)). As a result, it allows one to avoid accounting for the
dependence in the data explicitly. However, validity of the asymptotic independence of the DFTs
for spatial data remains largely unexplored. In contrast to the time series case where observations
are usually taken at a regular interval of time and asymptotics is driven by the unidirectional flow of
time, for random processes observed over space, several different types of spatial sampling designs
and spatial asymptotic structures are relevant for practical applications. For example, image data
are equi-spaced in the plane, but locations of the drilling-sites for mineral ores in a mine are usually
irregularly spaced. Thus, the type of asymptotics that are appropriate in these applications are
inherently different. In this paper, the asymptotic properties of the DF'T for equi-spaced as well as
irregularly spaced spatial data under different types of spatial asymptotic structures are investigated
in detail.

For spatial data, there are two basic types of spatial asymptotic structures (cf. Cressie (1993)): (i)
pure increasing domain (PID) and (ii) infill. When the neighboring data-sites remain separated
by a minimum positive distance (in the limit) and the sampling region becomes unbounded with
the sample size, one gets the PID asymptotic structure. This is the most common framework used
for studying the large sample properties in the spatial case and may be considered as the spatial
analogue of the asymptotic structure used in the time-series case. In contrast, when the sampling
region remains bounded and the data-sites fill in the sampling region increasingly densely, one gets
the infill asymptotic structure. This kind of asymptotic framework is mainly used in Mining and
other Geostatistical applications. In some situations, a combination of these two frameworks, called
the mized increasing domain (MID) asymptotic structure is used (cf. Hall and Patil (1994)). Under
MID asymptotics, the sampling region becomes unbounded and at the same time, the distances
between the neighboring sampling sites tend to zero, as the sample size increases.

In this paper, the asymptotic joint distribution of a finite collection of DFTs of spatial data under
the PID and MID asymptotic structures are investigated. It has been noted that the large sample
behaviors of many standard inference procedures under the infill asymptotics are noticeably different
from what can be obtained under the PID or MID asymptotic frameworks; See, for example, Cressie
(1993), Lahiri (1996) , Loh (2005), Stein (1999), Ying (1993) and the references therein. Indeed,
unlike the PID and MID cases, the asymptotic distributions of the DFTs under infill asymptotics
are typically non-normal and the DFTs are typically asymptotically dependent for the general class



of underlying spatial processes considered here. As a result, the case of pure infill asymptotics is
not considered here and the results are proved only on the PID and MID asymptotic structures for
regularly (gridded) and irregularly spaced spatial data.

To describe the main results of the paper, let {Z(s) : s € IR?} be a zero mean stationary random
field which is observed at finitely many locations Sy = {s;: ¢ =1,..., N} in the sampling region
D c R?. Tt will be assumed that in the equi-spaced case, the data-sites {si:i=1,...,N} lieon a
scaled version of the integer grid (call it Z¢), while in the irregularly spaced spatial data case, the
data-sites are generated by a stochastic sampling scheme. The Discrete Fourier Transform (DFT)
of {Z(s1),...,Z(sn)} is given by,

N
dy(w) = N7U2 ZZ(sj) exp (Lw,sj> , weRY, (1.1)
j=1
where : = v/—1 and B’ denote the transpose of a matrix B. For w € IR, also define

N
Cn(w) = N7V2) cos(w's;)Z(s;),
j=1

N
Sy(w) = Nﬁl/ZZsin(wlsj)Z(sj), (1.2)
j=1

the cosine and the sine transforms of the data. Then, dy(w) = Cn(w)+tSy(w). The main findings

of our paper under both deterministic and stochastic sampling designs are:

(i) As in the time series case, under suitable regularity conditions, the asymptotic joint dis-
tributions of finite collections of the sine and cosine transforms are multivariate Gaussian
under both deterministic and stochastic designs. However, in the stochastic design case,
the asymptotic covariance critically depends on the spatial sampling density and the spatial
asymptotic structure (PID vs MID); A complete description of their effects on the resulting

limit distributions is given.
(ii) DFTs at unequal nonzero limiting frequencies are asymptotically independent.

(iii) In the fixed design case, for sampling regions of a general shape and for DFTs at ordinates
converging to a common limiting frequency, asymptotic independence holds if and only if
the ordinates are asymptotically distant. {wj,} and {wy,} are called asymptotically distant
if (vol.(D))Y¥||wjn — win|| — 00 as N — oo. In the stochastic design case, similar result
holds for a general sampling density. Thus, although the data-sites are irregularly spaced, the
asymptotic behavior of the DFTs remains similar to that for regularly spaced spatial data.
This is rather surprising and contrary to the folklore about lack of independence of DFTs for

irregularly spaced time series data.



(iv) For two discrete Fourier frequency sequences {w1,} and {ws,} converging to the zero fre-
quency, the corresponding sine and cosine transforms may exhibit different behavior depend-
ing on whether the frequency sequences approach zero at the same rate (asymptotically sym-
metrically close case) or at a different rate (asymptotically close case). See section 3.1.3 and

section 4.3 for details.

(v) For sampling sites located on the d-dimensional integer grid, DFTs at all discrete Fourier
frequencies are asymptotically independent when the sampling region is cubic. However, this
is false for a sampling region of a general shape (including spheres, hyper-rectangles, etc.).
Also for sampling sites on a scaled version of Z¢ and a rectangular sampling region, asymptotic
independence holds, provided the grid-increment in each direction is inversely proportional

to the sides of the sampling region.

(vi) Under the stochastic design, for a hyper-rectangular sampling region and a uniform sampling
density, asymptotic independence of DFTs holds even for asymptotically close frequency

sequences. See Section 4 for more details.

Thus, in contrast to the time series case, the geometry of the sampling region plays an important
role in determining the asymptotic independence of the DFT's of spatial data. The main tool used
in the regular-grid case is a discrete version of the Riemann-Lebesgue Lemma (Cf. Section 6) that
may be of some independent interest. For more details on the properties of the DFTs based on
regularly spaced spatial data, see Section 3.

There are several important implications of the main results on asymptotic independence of the
DFTs in the context of statistical inference for spatial data in the frequency domain, particularly
under PID in the stochastic design case. For example, the usual formulation of the frequency domain
bootstrap (FDB) (cf. Franke and Hardle (1992)), which makes use of the asymptotic independence
of the full set of DFT's, may not work for spatial data when the sampling region is non-rectangular.
Similarly, the popular nonparametric estimator of the covariance function of Hall and Patil (1994)
for irregularly spaced spatial data may have a nontrivial bias under PID asymptotic structure and
hence, will be inconsistent. see Section 5 for further discussion and details.

The rest of the paper is organized as follows. In Section 2, the theoretical framework for
studying the asymptotic distributions of the DFTs for equi-spaced and irregularly spaced spatial
data is introduced. In Section 3, the main results for the equi-spaced case under the PID and MID
asymptotic structures are presented, while in Section 4, the results for the stochastic design case
are stated. In Section 5, various implications of the main results are discussed in the context of
frequency domain statistical inference for spatial data. Proofs of the two cases require qualitatively

different arguments and are presented in Sections 6 and 7, respectively.



2 Theoretical Framework

Throughout the paper, a spatial asymptotic framework as in Lahiri (2003a) will be followed. Denote
the variable driving the asymptotics by n. In Section 2.1, a formulation for the sampling region is
given that is common to both deterministic and stochastic design cases. The descriptions of the
two spatial designs for the regularly- and irregularly-spaced data-sites are next given in Sections

2.2 and 2.3, respectively. Regularity conditions on the random field {Z(-)} are given in Section 2.4.

2.1 Sampling Region

Let Dy be the prototype set for the sampling region D = D, satisfying Dy C Dy C closure(Dy)
for some open connected subset Dy of (—1/2,1/2]¢ containing the origin. The sampling region
{D,, : n > 1} is obtained by multiplying the prototype set Dy by A, where {\,}n>1 C [1,00) is a

sequence of real numbers such that A, T oo as n — oo, i.e.,
Dy = AnDo.

It may be noted that under this formulation of the sampling region, sampling regions of a variety
of shapes can be considered, such as polygonal, ellipsoidal, and star-shaped regions that can be
non-convex. Also to avoid pathological cases, it is supposed that for any sequence of real numbers
{by}n>1 such that b, — 0+ as n — oo, the number of cubes of the form b, (j + [0,1)9), j € Z? that
intersects both Dy and D is of the order O([b,]~@=1) as n — co. This boundary condition holds

for most regions of practical interest.

2.2 Sampling design for regularly-spaced data-sites

To describe the deterministic design case, let A be a d x d diagonal matrix with finite positive
diagonal elements 03,k = 1,---,d and let 2% = {Ai : i € Z%}. Thus, the lattice Z¢ has an
increment ¢ in the kth direction, k = 1,---,d. For the PID, it is assumed that the random process

Z(s) is observed at the sampling sites {s1,---,sy, } defined by
{s1,---,sy,}={se€2¥:seD,} =D, N Z%

Note that under the PID, the sampling sites are separated by a minimum distance dp = min{dy :
k=1,...,d} for all n, the sampling region D,, grows to R? as n — oo and the sample size N,,

satisfies the relation
N, ~ vol.[AT'Dg|\, (2.1)

where vol.[A] denotes the volume (i.e., the Lebesgue measure) of a set A in IR? and for two positive

sequences {s,} and {t,} let us write, s,, ~ t,, if lim, .~ s, /t, = 1.



Next the MID structure in the fixed design case is described. Let {n,},>1 be a sequence of
non-increasing positive real numbers such that n, | 0 as n — oo. It is supposed that the random

process Z(s) is observed at the sampling sites {s1,---, sy, }, defined by
{s1,---,sn,} ={s € mZd:se Dn} =D, N 24,

Thus, the data-sites {sy,---,sx, } are given by the points on the scaled lattice 7, Z? that lie in the
sampling region D,,. Under MID, the lattice 1, Z¢ becomes finer as n — oo and thus, fills any given

region of IR? (and hence, of D,,) with an increasing density. Note that in the MID case,
N, ~ vol.[A™IDg)AEn~4, (2.2)

implying that under the MID structure, the sample size N,, is of a larger order of magnitude than

the volume of D, given by vol.[A~'Dy]Ad.

2.3 A stochastic sampling design for the irregularly spaced case

Let f(x) be a continuous probability density function on Dy such that the support of f(-) is the
closure of Dy. Let {Xx};,~, be a sequence of independent and identically distributed (iid) random
vectors with probability density f(x). In the stochastic design case, for simplicity of notation,
denote the sample size by n (Note that in the fixed design case, sample size equals the size of
D,, N Z% which need not be equal to n for a given prototype set Dy and for a given sequence {\},
leading to the notation N,. But, due to the absence of a regular grid structure, this problem does
not appear in the stochastic design case and one may simply use n to denote the sample size). In

the stochastic design case, the sampling sites s;’s are obtained by the following relation
S; = Sip = )\nXi, 1§z§n

This formulation improves upon the standard approach to modeling irregularly spaced sampling
sites using a homogeneous Poisson point process. For such a process, the expected number of points
in a region is proportional to the volume of the region and given the total number of points in any
region, the points are independent and form a random sample from the uniform distribution over
the region. However, the formulation here allows the number of sampling sites to grow at a different
rate than the volume of the sampling region and also allows the sampling sites to have a non-uniform
density over the sampling region.

In the stochastic design case, the concepts of the PID and the MID structures are determined
by the relative growth rates of the sample size n and the volume of the sampling region D,, (cf.
Cressie (1993), Lahiri (2003a)). When n/\¢ — ¢, for some finite positive constant c,, it is regarded
as the PID asymptotic structure (cf. (2.1)) under the stochastic design. On the other hand, if

n/A% — oo as n — oo, it corresponds to the MID case (cf. (2.2)).



2.4 Regularity conditions on the random field

Let IN = {1,2,...} denote the set of all positive integers. For p € IN, let I, denote the identity
matrix of order p. In addition to the standard ¢?-distance | - ||, let ||-||; denote the ¢! distance on
R, Let {Z(s) : s € IR?} be a weakly dependent random field with an integrable autocovariance
function p(s) = cov(Z(s), Z(0)). Then, the Z(-)-process has a spectral density ¥ on IR? satisfying

p(s) = / exp(is'w)p(w)dw, s e IR% (2.3)

Suppose that the random field Z(-) satisfies a spatial version of the strong mixing condition, which
is defined as follows: For Fy, Fy C IR%, let
Oél(El, Eg) = sup ’P(Al N AQ) — P(Al)P(AQ)‘,
AiEO'Z (Ei),i=1,2
where oz(E) denotes the o-algebra generated by the random variables {Z(s) : s € E}. Let

d(E1, E2) = inf{||x —s||; : x € Ey,s € Ey}. For a > 0,b > 0, the mixing coefficient of the random
field {Z(-)} is defined as

ala;b) = sup{a1(Er, Eq) : E; € Cy, i = 1,2, 6(E1, E2) > a},

where Cy is the collection of d-dimensional sets with volume b or less. Note that in the definition
above, the sets F1, Ey are of finite volumes. For d > 2, this is important (cf. Bradley, 1989, 1993);
unbounded E7’s and Es’s in the definition of the strong mixing coefficient makes the random field

p-mixing (which is a smaller class). For simplicity of exposition, further assume that
a(a,b) < vi(a)y2(b), a,b € (0,00), (2.4)

where, without loss of generality (w.l.g.), 1 (+) is a left continuous, non increasing function satisfying
limy, 00 71(m) = 0 and 72(-) is a right continuous, non decreasing function that is bounded for
d =1 (but it may be unbounded for d > 1) (cf. Lahiri (2003a)).

The following regularity conditions will be used to prove the results.
ASSUMPTIONS

(A.1) There exists a 7 € (0,00) such that E|Z(s)|**" < oo and [ a® L, (a)F7 da < oo for some
T>0.

(A.2) For d > 2, v2(b) = o (b") as b — oo, where, with 7 is as in (A.1), Kk = 3(%_1) for 7 € (2,00)
and k = 2/3 for 7 € (0, 2].



3 Results in the regularly-spaced case

3.1 Results under PID
3.1.1 Definition of the DFTs
For the PID asymptotic structure in the equi-spaced case, the discrete Fourier transform (DFT) of

{Z(s1),...,Z(sn,)} is given by,

Ny,
d,}f(w) = N;l/Z Z Z(s;) exp (Lw/si>
i=1

N2 Z Z(Aj) exp (Lw/Aj> , (3.1)
J€Jn
where J, = {j € Z% : Aj € D,,;} and where recall that : = v/—1 and B denote the transpose of a
matrix B. Similarly, for w € IR, let us define
CPw) = N71/2 Z Z(Aj)cos (w/Aj> ,
i€y
SPw) = N;Y23 Z(Aj)sin (w’Aj) : (3.2)
J€Jn
the cosine and the sine transforms of the data. Then, df(w) = CF(w) + 1SP(w). Under the fixed
design case with the PID asymptotic structure, the process Z(-) is observed at regularly spaced
locations on the grid Z¢. In such a case, the spectrum of the observations is concentrated within

the frequency band
IMa = A7 (—m, )% = (=m0 %L x (=mo;t mo; ).

The whole frequency space IR? is partitioned into (hyper-)rectangles of volume (27)¢ H?Zl o; ! and
the spectrum at a given point in the “principal band” Il is obtained by superimposing the spectra
at congruent points from the partition {(%—17r + 5] x . (% 5] (i ,ig)" € Z4}. Thus,
it is easy to check that the spectral density 1a (say) of the Z(-)-process on the lattice Z¢ can be

expressed in terms of the spectral density 1 of the continuous stationary process Z(-) as

Yalw)= > ¢ (w+2rATk), weTla. (3.3)
kezZd

It turns out that the asymptotic distribution of the DFTs in the fixed design PID case depends on
the spatial dependence structure of the random field Z(-) only through ¥a.

3.1.2 Asymptotic distribution at nonzero frequencies

Consider the asymptotic joint distribution of (df(w1y),- -, df (wyy)) for a finite collection of fre-

quencies Wiy, ...,wWry, 1 < 7 < 0o. In analogy to the equi-spaced observations in the time series



case, here it is supposed that the w;,’s are of the form
Wiy, = 27r)\;1A_1kjn, ki, € 7% and wj, —»w; €llo as n — oo. (3.4)

The first result concerns the asymptotic joint distribution of the cosine and sine transforms
at Wip,...,wr, in the case where fw;’s are distinct and nonzero elements of HOA, where HOA =

(—mo7t, o) x L x (—md; ', w67 1), is the interior of IIa.

Theorem 3.1. Suppose that, {Z(s) : s € de} is a zero mean stationary random field satisfying
assumptions (A.1) and (A.2). Also suppose that for j =1,...,r, r € IN, {w;n} are sequences of
the form (5.4) such that w; € IQ \ {0} and wj + wy € HOQ \ {0} for all 1 < j # k < r. Then,
[CP(w1n), SE(win), -+, OF (W), SE (W) 4N [0,X], where ¥ is a block diagonal matriz with

r blocks of the form Ajly, where, with co = %(QW)d/[Hle 0il, Aj = copa(wy) forj=1,---,r.

Theorem 3.1 implies that for each single sequence {wj,} converging to a non-zero frequency
w; € H%, the corresponding sine and cosine transforms are asymptotically independent. Fur-
ther, since the covariance matrix of the limiting Gaussian distribution is diagonal, any collection of
disjoint subsets of the 2r cosine and sine transforms are also asymptotically independent. In par-
ticular, under the conditions of the theorem, the DFTs (df (w1y,), - -, dr (wm)) are asymptotically
independent and their asymptotic distribution depends on the dependence structure of the spatial
process {Z(-)} only through the folded spectral density ¥a(-).

Next consider the case when the limit frequencies are not necessarily distinct. In this case, the
joint asymptotic normality continues to hold under the regularity conditions of Theorem 3.1 on
the random field {Z(-)}. However, the asymptotic independence of the DFTs may no longer hold.
To state the main results in a transparent manner, attention is restricted to the case r = 2 with
a common nonzero limit frequency, although the conclusions do generalize to the case r > 2 in an

obvious manner. Accordingly, consider the asymptotic joint distribution of (df(w1,), dF (way)),

with wj, — w; for j = 1,2, where w; = ws = w # 0. Let w%’L) and wéﬁ? denote the p-th ordinate of
the respective vectors w1y, and wo,, p =1, --,d. The limit behavior of the DFTs can be different

depending on the closeness of the sequences {w1,} and {wa,}, as specified below:

Definition: (i) {w1,} and {wa,} are called asymptotically distant if
|)\n(w£i) — wéﬁ?ﬂ — o0 as n—oo foratleast one p=1,...,d. (3.5)

(ii) {w1in} and {way,} are called asymptotically close if

)\n(w%? - ngz)) —27A7Y, as n—oo forall p=1,---,d }

_ R J (3.6)
with €= ({1,...,0g) € Z® and > _, || #0.

Then the following result holds:



Theorem 3.2. Suppose that {Z(s) : s € IR} is a zero mean stationary random field satisfying
Assumptions (A.1) and (A.2). Also, suppose that {w1,} and {wan} are two sequences satisfying
(8.4) with w1 = wy = w where w # 0 and 2w € 11}.

(a) (Asymptotically distant frequencies): Under (3.5),
(O (@1), S (@10), OF (w20), S (w2n)] = N [0,5], (3.7)
where ¥ = coa(w) 1y, with cg = 27[(27)?/ H?:l i)

(b) (Asymptotically close frequencies): Under (3.6), (3.7) holds with
Ay 0 Ay Az

Ay —A3 A

5 1 3 Al (3.9)
Ay 0
Ay

where A1 = cotha(w), Az = cota(w)o1(2ml), and Az = coa(w)pa(27L). Here, ¢1(-) and
¢2(+) respectively denote the real and the imaginary parts of the characteristic function of the

uniform distribution on A™1Dy.

Theorem 3.2 shows that for any two asymptotically distant sequences {w1,} and {way,} of frequen-
cies, all four sine and cosine transforms are asymptotically independent and hence, the correspond-
ing DFT’s are asymptotically independent. However, for asymptotically close frequencies in the
neighborhood of a nonzero frequency w, this may no longer be true. Theorem 3.2 reveals some
interesting behavior of the sine and the cosine transforms in this case. From the form of the asymp-
totic covariance matrix, it is clear that the sine and the cosine transforms along a given sequence
of ordinates wj, (with a fixed j € {1,2}) are asymptotically independent, but any combination
of sine and cosine transforms corresponding to different ordinates (say, one at wj, and the other
at wyy, for j # k) may have a non-zero correlation in the limit. Note that if A=1Dy is symmetric
around zero (in the sense x € A~!Dy implies —x € A~1Dy), then the function ¢o(-) is identically
zero and the cross-correlation between the sine and cosine transforms vanish (A3 = 0). However,
for sampling regions of a general shape, the correlation between the two cosine transforms need not
vanish, and therefore, the DFTs along w1, and wo, are typically not asymptotically independent.

1 1]d

Next consider the important special case, where A~ Dy is an integer multiple of (—5, 1

3,5 In

this case, both Ao = 0 and A3 = 0, and therefore, the cross-correlation between the sine and the
cosine transforms vanish in the limit. As a result, the corresponding DFTs are asymptotically

independent. Some instances of this special case are:
(i) &; =1foralli=1,...,d, and Dy = (—1/2,1/2]¢.

(ii) The prototype set Dy = (—ay,a1] X ... x (—ag4, aq) for some a1, ... a4 € (0,1/2) and §; = a; *
foralli=1,...,d.

10



Under (i), the spatial sampling sites lie on the integer grid Z¢ and the sampling region is a
(hyper-)cube in IR?. Here, the DFTs are asymptotically independent even when the frequency
sequences {w1,} and {wa,} are asymptotically close. The behavior of the DFTs in this case is
analogous to that for time series data observed over equispaced time points. However, it turns out
that the asymptotic independence of the DFTs at asymptotically close frequencies can also hold
for non-cubic regions and for non-equispaced spatial data-sites. Instance (ii) above corresponds to
a hyper-rectangular sampling region. Here, the same conclusions as in Instance (i) are possible, if
for each i = 1,...,d, the grid increment ¢; in the ith direction is set as the inverse of the length of
the rectangular prototype set in the that direction.

To summarize the main implications of Theorem 3.2, DFT's at asymptotically distant frequencies
are asymptotically independent, and the asymptotic independence of DFTs may also hold for
asymptotically close frequencies in certain special cases. However, for a non-rectangular sampling
region, asymptotic independence of DFTs at asymptotically close ordinates typically fails in the
spatial case, even for regularly spaced sampling sites. Thus, the shape of the sampling region and
the sampling grid plays an important role in determining the behavior of the DFTs in the spatial
case, which sets it apart from the familiar weakly dependent time series set up.

Remark: There is a dual to Theorem 3.2, where w; = —ws = w and 2w € IIQ \ {0}. In
this case, conclusions similar to part (a) of Theorem 3.2 hold if || A, (w1, + way)|| — oo. For
A(Win + wayn) — 2rA™ for some £ € Z? \ {0}, the asymptotic normality of the cosine and sine
transforms as in (3.7) continues to hold under (A.1) and (A.2), but with the following limiting

covariance matrix:

A1 0 Ay Az

A Ay —A

D= S (3.9)
A0
Ay

where Aj, Ay, Az are as in part (b) of Theorem 3.2. In particular, for the special cases (i) and (ii)
of cubic and rectangular sampling regions considered above, the asymptotic independence of the
DFTs holds even for the asymptotically close frequencies, but not necessarily for sampling regions

of a general shape.

3.1.3 Asymptotic distribution for the zero limiting frequency

Next consider the case where wj,’s converge to the zero frequency. Here, some extra care must be
taken while studying the asymptotic behavior of the DF'Ts due to the special role played by the zero
frequency in the definitions of the sine and cosine transforms. For the zero frequency limit, suppose

that the discrete Fourier ordinates w,, = 27\ A=k, satisfy the following regularity condition:

wp =21\, P A7k, k, € 24\ {0}, and w, —0 as n — oo. (3.10)

11



The choice k,, = 0 in (3.10) is ruled out in order to avoid some nonstandard asymptotic behavior
of the DFTs. To appreciate why, suppose that k,, = 0 along a subsequence and k, # 0 along a
different subsequence, but w, — 0. Then the sine transform is (identically) equal to zero along
the first subsequence, but it has a non-degenerate limit distribution along the other subsequence,
thereby destroying the convergence of the full sequence.

As before, for clarity of exposition, attention is restricted to the asymptotic distribution of the
DFTs along two sequences of frequencies {w;,}, j = 1,2 satisfying (3.10). The case of an arbitrary
finite number of such frequency sequences can be handled in a straightforward manner, with added
notational complexity. In comparison to a non-zero limit frequency, three situations arising from

the relative orders of magnitude of the sequences {w;,}, j = 1,2 should be considered:
(1) [An(win £ won)|| — oo

(ii) Exactly one of the sequences {||An(w1pn +wap)||} and {||An(win —w2y)||} tends to infinity and
the other has a finite limit.

(iii) Both sequences {|| A, (w1, + wap)||} and {||\n(w1n — way)||} have finite limits.

The first two cases are the analogs of the “asymptotically distant” and “asymptotically close”
cases considered in the last section. However, the situation covered in the third part can occur only
for the zero limit frequency case, as both wy, and —w1, can be close to wa, simultaneously. This
will be referred to as the “asymptotically symmetrically close” case. The asymptotic behaviors of
the cosine- and sine-transforms of spatial data under PID in these three cases are given by the

following theorem.

Theorem 3.3. Suppose that {Z(s) : s € IR} is a zero mean stationary random field satisfying
(A.1) and (A.2). Also, suppose that {win} and {wa,} are two sequences satisfying (3.10).

(a) If | Ap(win + wan)|| — 00 and || Ay (win — wap)|| — oo, then
(CF @1n), SE (@in), CF (wan), SE (wan)] =5 N [0,5@)] (3.11)
where 2(@) = cota(0)1y.

(b) Suppose that || An(win +wan)|| — 00 but Ap(Wip —wapn) — 212 € IRE. Then, (8.11) holds with
(@) replaced by ), where £®) has the form as in (3.8) with A;’s are replaced with AEO] ’s,
fori=1,2,3 where A[lo] = coa(0), A[QO] = coa(0)p1(Az12), and Ago] = oA (0)p2(Az12).

(c) Suppose that \, (w1, +waopn) — yi12 € R® and An(Wip —wap) — 212 € IR®. Then, (8.11) holds
with @ replaced by 2 where
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14+ é1(2y1)]  2(2y1) [61(y12) + ¢1(z12)]  [d1(y12) + b1(212)]
[1—612y1)] [b2(y12) — d2(z12)]  [d1(z12) — da(y12)]

ne) — Ugo -
1+ ¢1(2y2)] $2(2y2)
[1— ¢1(2y2)]
with 0%, = coa(0), y1 = (y12 +212)/2, y2 = (y12 — 212) /2, and ¢;(w) = ¢;(Aw), w € R,
j=1,2,

Thus, from Theorem 3.3, it follows that the sine and the cosine transforms at non-zero ordinates
converging to the zero frequency have very similar asymptotic behavior as in the case of a non-zero
limit frequency for the “asymptotically distant” and “asymptotically close” parts (cf. parts (a)
and (b) of Theorems 3.2 and 3.3). In particular, asymptotic independence of the DFTs continues
to hold for “asymptotically distant” discrete Fourier ordinates converging to zero. For “asymp-
totically close” ordinates converging to zero, DFTs are typically asymptotically dependent; For
such sequences of ordinates, asymptotic independence of the DFTs holds in the special case where
A~'Dy is an integer multiple of the d-cube (—1/2,1/2], as noted in the discussion of Theorem 3.2
above. Finally, for the “asymptotically symmetrically close” ordinates, it is clear that every pos-
sible pairs of sine and cosine transforms may have nontrivial asymptotic correlations for sampling
regions of a general shape and hence, the DFTs typically are not asymptotically independent.

Next consider the special case where A™1Dy is d-cubic. Note that, in this case, ng(yj) =
or(27L;) for some £; € Z4\ {0}, for all j,k € {1,2} and thus, all off-diagonal terms in %.(¢)
vanish. In this special case, asymptotic independence of the DFTs hold even for ‘asymptotically
symmetrically close” ordinates converging to the zero frequency, as in the time series case. But,
for sampling regions of a general shape, the DFTs are typically dependent in the limit in the

‘asymptotically close’ and ‘asymptotically symmetrically close’ cases.

Remark As in the last section, there is a dual to part (b) of Theorem 3.3. For ||\, (win —wan)|| —
oo but Ay (w1, + wop) — z12 € JRd asymptotic normality of the cosine- and sine-transforms holds

where the limiting covariance matrix is given by (3.9) with A;’s replaced by A[ by ,1=1,23.

Remark For completeness, consider the case where w,, = 0 for all n > 1. In the case, S, (w,) =0
for all n > 1, while Cp(wn) = No /23N Z(s;) and Cp(wn) — N(0,2c1h(0)) solely under
Assumption (A.1) and (A.2) (cf. Theorem 4.3, Lahiri (2003a))

3.1.4 Results for mean-corrected DFT's

In many applications, the random field {Z(s)} has a mean y = EZ(0) that is unknown. In such

situations, the DFT defined in Sections 3.1.1 is often replaced by its mean corrected version:

dP(w) = N7V? Z ) exp (Lw AJ) (3.12)

j€Jn
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where, as before, J, = {j € Z% : Aj € D,} and Z, = N, ! > jes, Z(A)) is the sample mean.
Similarly, let us define

CPw) = N'231Z(A)) = ZuJeos (w'Aj)
Jj€Jn

SPw) = N;Y2S(Z(A)) - ZyJsin (w’Aj) : (3.13)

J€Jn

the mean corrected versions of the cosine and the sine transforms of the data. Then, ciff (w) =

CP(w)+1SP(w). The following result gives the asymptotic behavior of the DFTs in different cases
treated in Theorems 3.1-3.3.

Theorem 3.4. Suppose that {Z(s) : s € IR} is a zero mean stationary random field satisfying
Assumptions (A.1) and (A.2). Also, suppose that {win},...,{wm} are sequences satisfying (3.4).

(a) If the limiting frequencies w1, ... ,w, satisfy the conditions of Theorem 3.1, then

[Cg(wln)a Sg(wln)a cee vCéD(‘*’M)a Srf(‘*’rn)]
has the same limit distribution as that of the mean uncorrected version [CF(w1y), ST (w1in),

cooy CP(wp), SE(wip)], given by Theorem 3.1.

(b) Suppose that r = 2 and the sequences {win}, {wan} satisfy the conditions of one of the two
parts of Theorem 3.2. Then, [CF(w1in), SE (win), CF(wan), SF (wan)] =% N[0,%], with ¥ as

in the respective part of Theorem 3.2.

(c) Suppose that r =2 and the sequences {win}, {wan} satisfy the conditions of any one of the
three parts Theorem 3.3. Then,

[Cf(wln), S?f("‘“”)? Cf(an), Saf(""?n)] — N[Ov i]?

where ¥ = Xt — X for the ith part, i = (a), (b), (¢) and

$2(y1) 201(y1)d2(y1) 201(y1)d1(y2) 261(y1)d2(y2)
s g2 P3(y1) 201 (y2)d2(y1)  202(y1)2(y2)
" > $3(y2) 201 (y2) b2 (y2)

Thus, the asymptotic distributions of the sine and cosine transforms remain unchanged in all
cases where the discrete Fourier frequencies converge to a nonzero limit. However, for frequency

sequences converging to the zero frequency, the asymptotic covariance is different.
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3.2 Results under the MID case

For the MID case, define the discrete Fourier transform (DFT) of {Z(s1),...,Z(sn,)} by

Alw) = NS Z(Ajn) exp {Lw/Ajnn} (3.14)
JEZL:Ajnn €Dy

and the corresponding cosine and sine transforms CM(w) and SM(w) can be defined in a similar
way. Although for each fixed n, the observations in the deterministic MID case lie on a grid, the
asymptotic distribution of the DF'T depends on the dependence structure of the random field {Z(-)}
through the full spectral density function 1 (w); knowledge of the folded spectral density A is no
longer adequate as in the PID case. This is mainly due to the fact that the asymptotic variances
of the relevant transforms in the MID case are given by certain integrals of the auto-covariance
function over IR? as compared to infinite sums in the PID case. Further, the restriction on the
limiting frequencies to lie in the set IIn can be dropped, as it is now possible to infer about the full
spectral density t(-) by considering the DFT at any given w € IR%.

For the MID case, the following additional assumption will be used:
(A.3) A\pnn — 00.

The following result gives the asymptotic joint distribution of the sine and cosine transforms in the

case of distinct nonzero limits.

Theorem 3.5. Suppose that {Z(s) : s € IR} is a zero mean stationary random field satisfying
Assumptions (A.1), (A.2) and (A.3). Also suppose that forr € IN, {w1in},...,{wm} are frequency
sequences of the form wj, = 21kjn/An for ki, € Z%\ {0} such that kj, — w; € R\ {0} and
wjtwp#0 foralll <j#k<r. Then, n%*[CM(win), SM(win), -+, CM(wym), SM (wy)] -5
N [0, %], where ¥ is a block diagonal matriz with r blocks of the form Byl where, By = %(H?:l §)7t

(27r)d1/1(wg) forl=1---r.

Theorem 3.5 implies that for w1, - -, w,, converging to different non-zero limits, the corresponding
DFTs are also asymptotically independent and the asymptotic variances depend on the spectral
density function of the process at the limiting frequencies w1, ...,w,. Note that the conditions on
the frequency sequences {wj,} in Theorem 3.5 are weaker than those required in the PID case (cf.
Theorem 3.1). Also note that the DFTs defined in (3.14) do not have a nondegenerate limit unless
/

they are rescaled by the damping factor 172 % As the spacing of the grid goes to zero, observations
at neighboring locations tend to have very strong correlations, and as a result, the variances of
the sine and cosine transforms S (-) and CM(.) grow at a rate faster than the sample size. As a

result, the natural scaling by the inverse-square root of the sample size is not adequate under the
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2. . .
/ is needed to make the sine and cosine transforms

MID, and the additional multiplicative factor nﬁ
converge to a nondegenerate normal limit.
Remark: Conclusions on the asymptotic independence of the DFTs do not change in the other

/2 multiplicative factor,

scenarios covered by Theorems 3.2-3.4. Specifically, with the additional ng
the sine- and the cosine- transforms in the MID case continue to have the same limits as their PID
counterparts in the set ups of Theorems 3.2-3.4, where the folded spectral density ¥a in the limit
is replaced by ¢ in every occurrence. The theorems for each of these cases are not restated to save

space.

4 Results under the stochastic design

4.1 Definition of the DFT and some preliminaries

In the stochastic design case, the observations are given by {Z(s1),. .., Z(sn)}, under both the PID
and the MID asymptotic structures. Thus, define the (scaled) DFT of the sample {Z(s1),...,Z(sn)}

under the stochastic design as
n
do(w) = A2 13" Z(s;) exp (Lw sj) , we R (4.1)
j=1

for both PID and MID cases. Note that under both asymptotic structures, we use a common
scaling /\Z/ 2, which is asymptotically equivalent to the square root of the sample size under the
PID, but grows at a slower rate (than n'/2) in the MID case. That this is the correct scaling
sequence for a non-degenerate limit in both cases will be clear in the next section where the main
results will be stated. In analogy to (4.1), also define the (scaled) cosine and the sine transforms
of {Z(s1),...,Z(sp)} as

Cu(w) = A/Pn71> cos(w's;) Z(s)),

j=1
Su(w) = Xn7h sin(w's;)Z(s)), (4.2)
j=1

w € R, Then, d,(w) = Cp(w) + 1S, (w).

Note that under the stochastic design, the sampling sites are generated by a realization of
the sequence {X,}. As a consequence, the distributions of the DFTs discussed in this section
actually refer to their conditional distribution given {X,,} and the CLTs under the stochastic design
assert weak convergence of these conditional distributions to respective normal limits for almost all
realizations of the sequence {X,} under Px, Px denotes the joint distribution of the X;’s. Also,
for brevity, use the convention that (c0)™ta = 0 for all a € IR. Thus, in the statements of the

theorems below, the condition n/A% — ¢, € (0, 00|, will cover both the cases, ¢, € (0,00) for the
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PID asymptotic structure and ¢, = oo for the MID, in a unified way, and an expression of the
form c;'a where a € IR, will be interpreted as zero in the MID (i.e., ¢, = 00) case. Finally, set
K = [ f*(x)dx and Iy = [ ¢(w)dw.

4.2 Asymptotic distribution at nonzero frequencies

In this section, the asymptotic joint distribution of the sine and cosine transforms at a finite

collection of frequencies w1y, -, W, 1 < r < 0o is investigated, where
Wip — Wj € R as n — . (4.3)

Since under the stochastic design the data-sites are randomly distributed, it is not required for the
sequences {w;n}’s to satisfy (3.4). The first result concerns the asymptotic joint distribution at

Win, -+, Wry in the case where £w;’s are distinct and nonzero.

Theorem 4.1. Suppose that {Z(s) : s € ]Rd} is a zero mean stationary random field satisfying
(A.1), (A.2) and that it satisfies Assumption (A.4):

(A.4) A\ > nc for some e >0 and lim,_.oon/A\, = ci € (0,00].

Also suppose that for j =1,---,r,r € IN, {wj,} are sequences satisfying wj, — w; € R4\ {0}
and wj xwy, # 0 for all 1 < j # k < r. Then, [C’n(wln),gn(wln),--.,C’n(wrn),sn(wrn)]/ 4,
N[0,%],a.s. (Px), where ¥ is a block-diagonal matriz with r blocks of the form A;Iy with 2A; =

;' Iy + K - (2m) ") (w;) and where, K = [ f2(x)dx, Iy = [pa (w)dw.

As in the fixed design case, Theorem 4.1 implies that any collection of disjoint subsets of
the 2r cosine and sine transforms are also asymptotically independent. However, the asymptotic
distribution of the DFTs (dp(win),-- -, dn(wym)) under the stochastic design depends on three
factors, namely, (i) on the dependence structure of the spatial process {Z(-)}, through the spectral
density (-), (ii) on the design density f(-), through the constant K, and (iii) on the spatial
asymptotic framework (PID vs. MID). Note that the asymptotic variance has a somewhat simpler
form under the MID (i.e., ¢, = o0) case where the first term in A; drops out.

Next let us consider the case where the limit frequencies are not necessarily distinct. As before,
to state the main results in a transparent manner, let us restrict our attention to the case r = 2;

The conclusions can be generalized to the case r > 2 in an obvious manner. For z € IR?, define

’

/cos(z/x)f(x)dx = Ki(z) , /sin(z x)f(x)dx = Ks(z),
/cos(z/x)fQ(x)dx = Ks(z) |, /sin(zlx)fQ(x)dx = Ky(z).

Then the following results hold:
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Theorem 4.2. Suppose that {Z(s) : s € IR} is a zero mean stationary random field satisfying As-
sumptions (A.1), (A.2)and (A.4). Also, suppose that {w1,} and {wa,} are two sequences satisfying
(4.3) with w1 = wy = w € R\ {0}.

(a) (Asymptotically distant frequencies): Suppose that ||An(win — way)| — 0o. Then,

[Cru(win), Sn(@in), Co(wan), Sn(wan)] = N[0,5] a.s. (Px). (4.4)
where ¥ = Al,, with 2A = ;' + K- (2m)%(w).

(b) (Asymptotically close frequencies): Suppose that

)\n(wﬁ) _wg’l)) — 2z, as n—oo forall p=1,---,d } (4.5)

with 7= (z1,...,23) € R\ {0}.

Then, (4.4) holds with ¥ has the form as in (3.8) with A;’s are replaced with A;’s, for
i = 1,2,3 where 241 = ;' + K - 2m)%(w), 24y = ;' pKi(z) + Ks(z)(2m) %) (w),
243 = ¢; 1y Ko(z) + Ky(z)(2m)4p(w).

Theorem 4.2 gives the asymptotic distribution of the DFTs when both frequency sequences
converge to a common non-zero frequency. Note that the limiting covariance matrix for the asymp-
totically close frequencies depends on the spatial sampling density f(-) through all four functionals
Ki(-)-K4(+), and the constant K. This typically makes the corresponding DFTs asymptotically
dependent. In contrast, DF'Ts along asymptotically distant frequency sequences are asymptotically
independent.

Next, let us consider the special case, where the sampling region Dy is of the form
DO - (_alabl) X ... X (_ada bd)a (46)

for some 0 < a;,b; < 1/2, j =1,...,d and the sampling density f(-) is uniform over Dy. In this

case, K;(z) =0 for alli=1,...,4, whenever z is of the form

!/
z:( 27ty . 27l ) ’ (47)

a1 +b’ " ag+bg

for some /1,...,0q € Z with Z;l:l |¢;| # 0. As a result, asymptotic independence of the DFTs
holds even for asymptotically close frequency sequences {wi,} and {wa,}, provided {wi,} and
{wan} satisfy (4.5) for some z of the form (4.7). The asymptotic independence property of the
DFTs can be guaranteed for all distinct asymptotically close sequences if one restricts attention to

DFTs based on frequency sequences of the form

21k1n 27kan \'
wn_< n_ 2Tl ), (4.8)
ay + by aq + by
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with Ein, ..., kan € Z, 301 |kjn| # 0.

Remark: It is worth noting that for a rectangular sampling region (with Dy as in (4.6)), a similar
conclusion on asymptotic independence of the DFTs holds for a more general class of sampling
densities that can be expressed as a convolution of a general probability distribution with a suitable
uniform density. Specifically, the class of such sampling densities is given by F = { f : f has
support Dy, and f(-) = [gp(- — y)dGy(y) for some probability distribution Gy and for some

L < ./\/} where gy is the density of the uniform distribution on (—%, Z—i) X ... X (—‘;—Z, Z—j) and
N={(t,....0q) € Z%: ¢; >2forall j =1,...,d}.
Remark: As in the deterministic case, there is a dual to Theorem 4.2, where w1 = —w9s = w # 0.

The formulation of the dual parallels that in the deterministic case with the A;’s in (3.9) replaced
by Aj’s from Theorem 4.2.

4.3 Asymptotic distribution for the zero limiting frequency

Next consider the case where the fourier frequencies converge to the zero frequency. The asymptotic
behavior of the cosine and sine transforms of spatial data under the PID and the MID asymptotic

structures in the stochastic design case are given by the following theorem.

Theorem 4.3. Suppose that {Z(s) : s € IR} is a zero mean stationary random field satisfying
Assumptions (A.1), (A.2) and (A.4). Also, suppose that {w1,} and {wan} are two sequences in
R4\ {0}, converging to 0.

(a) If || An(Win + wap)|| — 00 and || Ap(win — wap)|| — o0, then

[Ca@1n), Su(@in), Calwin), Snlwzn)] —5 N (0,59, a.s. (Px) (4.9)
where 2@ = A1, with 24101 = C;1L/, + K- (27T)d7/1(0)'

(b) Suppose that || An(wWin + wan)|| — 00 but Ap(wWin — wapn) — 212 € IRY. Then, (4.9) holds with
(@) replaced by B, where B has the form as in (3.8) with A;’s are replaced with AEO} ’s, for
i =1,2,3 where 24" = 711, + K - (2m)4p(0), 24Y = 711, K (219) + Ks(z12)(27)%(0),
2AY) = ¢ 1 Iy Ko (212) + Ka(z12)(27)(0)].

(c) Suppose that \p(win + wap) — Y12 € R and An(wWin —wap) — 212 € R®. Then, (4.9) holds
with (@ replaced by (9, where the elements of (9 are given by
D = (e /DK (2y1) + 1} + (2m) (6(0)/2){Ka(2y1) + K,
B9 = uKa(2y1) + (27)"0(0) K (2y1),
2 = e I {Ei(yiz) + Kizi2)} + 2m) 0 (0){Ks(yiz) + Ks(z12)},
S = G L{Ka(yie) - Ka(ziz)} + @) (0){Ki(yiz) - Ka(z12)},
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2 = (e p/2){1 — Ki(2y1)} + (2m)4(0(0)/2){K — K3(2y1)},

Eg? = ' Ip{Ka(y12) + Ka(z12)} + (2m) " (0){ K4(y12) + Ka(z12)},
2 = UK (z12) — Ki(yi2)} + 200 (0){Ks(z12) — Ka(y12)},
25 = (e Iy /2){K1 (2y2) + 1} + (2m)4(1(0)/2){ K3 (2y2) + K)},

25 = M Ko (2ys) + (2m)40(0) Ky (2y2),
28 = (' Iy 2){1 - Ki(2y2)} + (2m) ($(0)/2){K — K3(2y2)},

where y1 = (y12 + 212)/2 and y2 = (y12 — 212)/2.

As in Theorem 3.3, Theorem 4.3 shows that asymptotic independence of DFT's continues to hold
for “asymptotically distant” Fourier frequency sequences converging to zero. For “asymptotically
close” frequencies converging to zero, DF'Ts are typically asymptotically dependent. In the special
case of the rectangular sampling region with a sampling design f € F, asymptotic independence of
every pair of distinct sine and cosine transforms continues to hold, provided the frequency sequences
are of the form (4.8).

Remark As in the last section, there is a dual to part (b) of Theorem 4.3, which is straight-
forward to formulate. Also, if w, = 0 for all n > 1, S,(w,) = 0 for all n > 1, while Cy,(w,) =
nV2S L Z(si) =4 N(0, ¢ My + K(21)%p(0)), a.s. (Px). (cf. Lahiri (2003a)).

4.3.1 Results for mean-corrected DFTs

For stochastic design, the mean corrected DFT is defined as follows:

n
do(w) = A0S (Z(sy) — Zlexp (Lw’sj) , we R (4.10)

j=1
where, Z, = n~! Z;Zl Z(s;) is the sample mean. Similarly as before, define the mean corrected
version of the cosine and the sine transforms of the data. The following result gives the asymptotic

behavior of the DFTs in different cases treated in Theorems 4.1-4.3.

Theorem 4.4. Suppose that {Z(s) : s € R} is a zero mean stationary random field satisfying
(A.1), (A.2) and (A.4}). Also, suppose that {win},...,{wrm} are sequences satisfying (4.3).

(a) If {win},...,{wm} satisfy the conditions of Theorem 4.1, then [Cpn(win),Sn(Win), ...,

Cr(wrn), Sn(wrn)] has the same limit distribution as that of the mean uncorrected version

given by Theorem 4.1.

(b) Suppose that the sequences {wi,} and {way} satisfy the conditions of one of the two parts of

Theorem 4.2. Then [C’n(wln), Sn(win), Cn(wap), Sn(way)] has the same limit distribution as

its mean uncorrected version given by the respective part of Theorem 4.2.
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(c) Suppose that the sequences {wi,} and {way,} satisfy the conditions of any one of the three
parts Theorem 4.5. Then,

[én(wln), Sn(wln), Cn(WQn), Sn<w2n)] —>d N[O, S], a.s. (Px)

where ¥ = X' — X for the ith part, i = (a), (b), (¢) and

Ki(y1) 2Ki(y1)Ka(y1) 2Ki(y1)Ki(y2) 2Ki(y1)Ka(y2)
5, = o K3(y1) 2K1(y2)K2(y1) 2Ka(y1)Ka(ye)
> K{(y2) 2K, (y2) Ka(y2) |
K22(Y2>

with 202, = c; 11, + K - (2m)%(0).

Thus, as in the fixed design case, the asymptotic distributions of the sine and cosine transforms
with mean correction remain unchanged in all cases where the Fourier frequencies converge to a
nonzero limit. However, for frequency sequences converging to the zero frequency, the asymptotic
covariance can be different; the correction factor ¥ in the stochastic design case depends on the

spatial sampling density f().

5 Some implications of the main results

The results on asymptotic joint distribution of the DFTs have some important implications for
various frequency domain statistical inference methodologies. For example, the formulation of
the frequency domain bootstrap (FDB) (cf. Franke and Hérdle (1992)) critically depends on the
asymptotic independence of the full set of DFTs. The results of Sections 3 and 4 show that
for a sampling region of a general shape and/or for a general sampling density, the DFTs at
asymptotically close ordinates are asymptotically correlated. As a result, formulation of the spatial
version of the FDB must take into account the geometry of the sampling region under both the
designs (i.e., fixed and stochastic) and, in addition, the non-uniformity of the sampling density in
the stochastic design case.

As an example, consider the problem of non-parametric estimation of the spectral density and
the auto-covariance function of the spatial process {Z(-)}. In the regularly spaced data-sites case,
the analogs of the standard time series formulas and bounds on the covariance between the DFTs
(which is O(n~1) where n is the sample size; See Priestley (1981)) no longer holds for a sampling
region of a general shape, as the asymptotic correlation between neighboring DFTs do not vanish.
As a result, consistency of the standard spectral density estimators based on kernel-smoothing of
the sample periodograms need not hold. The situation gets worse in the case of irregularly spaced
data-sites, as in this case, not only the geometry of the sampling region plays a crucial role, but

the sampling density f(-) also has a nontrivial effect on the asymptotic distribution. For consistent
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estimation of the spectral density in the stochastic design case, one must also explicitly estimate
various functionals of f(-) (e.g., the constant K, and the functions Ki(-),...,K4(-)) appearing
in the asymptotic covariance matrix of the DFTs (cf. Theorems 4.2 and 4.3). Further, between
the two asymptotic structures under the stochastic design case, the problem of estimating the
spectral density and the auto-covariance function of the Z(-)-process is trickier in the PID case.
This is because under PID, n/\, — ¢, € (0,00) and the term c¢; I in the asymptotic covariance
matrices must be explicitly estimated. This observation has important implications for the popular
nonparametric estimator of the auto-covariance function given by Hall and Patil (1994). Indeed,
consistency of Hall and Patil (1994)’s estimator under the stochastic design is proved only under
the MID asymptotic structure. Because of the presence of the extra term c;le, its consistency is

no longer guaranteed under the PID case.

6 Proofs of the results from Section 3

6.1 Preliminaries

Let U = [0,1)? denote the unit cube in IRY. Let the autocovariance function of the stationary
random field {Z(s) : s € IR?} be given by p(s) = cov(Z(s), Z(0)),s € IR?. Then,

p(s) = /le exp (18 w)h(w)dw, s € R?, and

p(Ai) = /H exp (L|Al] W)y (w)dw, i€ Z%

Let va(+) denote the uniform distribution on A='Dy. Recall that the characteristic function of
va(+) is given by, [exp (tt'x)dva(dx) = ¢1(t) +ega(t), t € R Let ey, ..., e4 denote the standard
basis of IR?. Thus, e; = (1,0,...,0), es = (0,1,0,...,0)’, etc. Let C,C(-) denote generic positive
constants that depend on their arguments (if any), but not on n. Also, unless otherwise specified,

limits in the order symbols are taken by letting n — oo.

The first lemma is a CLT for weighted sums of the form > 7 | wy,(s;)Z(s;) with non-random

weights under the deterministic spatial asymptotic framework as discussed earlier.

Lemma 6.1. Let {Z(s) : s € IR?} be a zero mean stationary random field satisfying (A.1) and

(A.2) and let wy(-) : Dy, — IR be a non-random bounded weight function. Suppose that there exists
a function Q : R® — IR such that for any h,, — h in IR,

lim ¢, ) wn(si)wn(s; +hy) = Q(h). (6.1)

n—oo .
i:85,8;+h, €Dy
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where ¢2 = ZZN:”I wn(s;)?. Let {ny}tn>1 C (0,00) be a nonrandom sequence of real numbers such

that n, = 1 for alln > 1 in the PID case and 1, | 0 as n — oo in the MID case. Suppose that

max{w?(s) : s € D, I\ = O(1). (6.2)

n

Then, with N, = |{j : j € Z%, nnj/ M € A™1Dy}|,
Ny,
02> wa(si)Z(si) ~% N(0,0%) (6.3)
=1

where 02, = > ;0 p(AD)Q(AL) for the PID case and o2, = (TT%, 6 Jga P(x)Q(x)dx for the
MID case.

Proof To prove the lemma, the conditions of Theorem 4.3 of Lahiri (2003a) for the PID case and
Theorem 4.2 of Lahiri (2003a) for the MID case shall be verified. First note that under Assumption

(A.1), since i () is monotone (and left-continuous), there exists a ¢y € (0, 00) such that
y(t) < =A@/ for all > to.

Write 79 (t) = t=42+7)/7 for all t > 0. Since the weight function wy,(-) is bounded, by Remark 4.1
and Proposition 4.1 of Lahiri (2003a), it is enough to verify that

O -
) =it P (64

where fi(t) = t? [} 424 199(y)dy, t € [1,00).

Write 79 = d(2 + 7)/7. Then, 79 > 2d for 0 < 7 < 2, 79 = 2d for 7 = 2, and d < 79 < 2d for
T € (2,00). For 7 € (2,00), (6.4) follows from relation (4.4) of Lahiri (2003a) (with 7 replaced by
70 and a = 0 therein). Next, check that ,

fi(t) = Ct¥ (1 +0(1)) as t— oo, for 0 <7 < 2.
and,
fi(t) = [t%logt](1 + o(1)) as t— oo, for 7 =2.
Consider 7 = 2 first. In this case, f; *(t) = dl/d[@]l/d(l +0(1)) as t — oo and hence,

L O1 /R () f7 (0] = Pllogt] (1 +0(1)) as ¢ — oo

Hence, (6.4) holds. One can similarly establish (6.4) for 0 < 7 < 2 using the growth rate of fi(-)
above, as in (4.5) of Lahiri (2003a). The lemma now follows from Theorems 4.2 and 4.3 of Lahiri
(2003a).
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Lemma 6.2. Suppose that Dy be a Borel subset of (—1/2,1/2]% such that the d-dimensional
Lebesgue measure of its boundary 0Dq is zero. Let {nn}tn>1 and N, be as in Lemma 6.1. Also
let Jo =1{j:j€Z%nj/ A\ € A Do} and N, = |J,|. Then

(a) For any K € (0,00),

nix-d Z exp (1272 jnn /) — / exp(12rz'x)dx| — 0 as n — oo.
jGJn A_IDQ

sup
|zl <K

(b) (A DISCRETE VERSION OF THE REIMANN-LEBESGUE LEMMA IN d-DIMENSION ). Let {zy }n>1 C
IR be a sequence satisfying ||z,| ' = o(1) and limsup,,_ [€zn0n|/ M < 1/2 for all i =
1,...,d. Then,

‘Ngl Z exp(127z,j/An)| — 0 as n — oc.
J€Jn
Proof For simplicity, first consider the PID case. Then, 1, = 1. Let Ji, = {j : G +U)\;' C
A7'Dy} and let Jop, = Jp, \ Jip. Also for k = 1,2, write Y, for summation over j € J,. Part (a) is
a uniform version of the Riemann sum approximation to integrals and can be proved easily. Here

an outline of the proof is given for completeness. For any z € IR? with ||z|| < K,

ALl Z exp (1272 §/An) — / exp (1272 x)dx

jEJn A71D0
< / [exp (1272 §/ An) — exp (LQFZ/X)] dx
LG /an
+ / exp (1272 x)dx| + A7) Jan|
211G+ /A na—1Dy

<[ Va2 )
LGy /am
< K(2nVd)|J1n A 07 4 205 Ja|.-

Part (a) follows from this.
Nest consider part (b). Let ¢(-) denote the characteristic function of the uniform distribution

on the unit cube Y. Then, it is easy to check that for any € € (0,1/2),
inf {|p(t)| : t € [~ + €, — €]} € (0, 1]. (6.5)
Also,

ALl Z exp (12725 / An) (272 [ A )

jeJln
=\ Z /exp (1272, [j + x|/ An)dx
jeJln u
= Z exp (127z, x)dx. (6.6)

jedin, T G/ An
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Hence by (6.5) and (6.6) and the Riemann Lebesgue lemma, for any {z,},>1 satisfying the condi-
tions of part (b),

ALl Z exp (12725 / An)

J€Jn

<MY exp (2rz,j/An) | + [ Janl A
jEJln

< [p(2rz 2] {
=o(1).

/ exp (1272, x)dx| + Jgn\)\;d} + [Jan |, 4
A71D0

In the MID case, both parts of Lemma 6.2 can be proved by retracing the above steps with A,

replaced by 7, ')\, in every occurrence and hence the routine details have been omitted.

Remark Note that the conditions imposed on the boundary of Dg in Section 2.1 implies that the

d-dimensional Lebesgue measure of its boundary 0Dy is zero.

Remark For the MID case, analogs of parts (a) and (b) hold, provided in each appearance, A, is
replaced by A\,n,!. Thus, J, should be replaced by g = {(j ez nj/\, € A""Dy} and X\ ¢ in
part (a) is replaced by A-9n¢. In addition, for part (b), N, is now the sample size under MID.

6.2 Proof of Theorem 3.1

Fix a1, -+, ar, by, -, b, € R with >_I_, (a? + b?) # 0. Then, we may write,

T

Z[%Cr];(wpn> + bpSrIzD(‘*’pn)]

p=1

= > Z(A)) | N, Y {apeos(wp, A) + bysin(w,,, A}

j€dn p=1
= Z (Aj)wn(Aj), (say). (6.7)
j€Jn

Hence, to prove Theorem 3.1, it is enough to establish the asymptotic distribution of the weighted
sum in (6.7). Note that, by (3.4), w;,Aj = 277)\;1kjnj and hence,

> wi(A))

jeJn

Z Z GpQq Z {COS(QW(kpn + kqn)/j/)\n) + cos(2m (kpn — kqn)/j/)\n)}
=1 qg=1

j€Jn
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gy 3 {52 (Kpn + Kan) §/An) = Sin 27 (Kpn — Kgn) §/A0) |

j€Jn

taghy Y {sin(27r(kpn +Kgn) i/ M) + sin(27 (K — Kgn) /An)}
j€Jn

by Y {cos(27r(kpn — Kgn) i/ M) — cos(2m (Kpn + Kgn)'j /)\n)} . (6.8)
j€Jn

Since under the conditions of Theorem 3.1, 27 (kpy, + kgn)/An converges to a point in I \ {0} for
all 1 < p# q <r, by Lemma 6.2, part (b), it follows that

N~
Z w2 (Aj) — 3 Z(ag + bf)).
j€Jn p=1
Also, for any h,, — h € IR?, by Lemma 6.2, part (a) and arguments similar to (6.8),
1 " 2 2 /
= Z(ap + by,)cos(w,,h). (6.9)

2
iISi,Si+hn€Dn p:1

lim > wals)wa(si +hy) =

n—oo

Hence, by (6.8) and (6.9), condition (6.1) of Lemma 6.1 holds with

Qh) = [ (a2 + b)cos(w,h)] / 3 (a2 +b).
p=1 p=1

Further, by (6.8) and the boundedness of cos(-) and sin(:), condition (6.2) of Lemma 6.1 holds.

Next note that by the inversion formula,

1

Yalw) = vol(TTa)

> p(Af) exp (—2w'Aj), w € TIa. (6.10)
jezd

Hence, by Lemma 6.1, it follows that, Z;Zl[apC’f(wpn) + b, SE (wpn)] — N(0, >jeza P(AT)Q(A))
[(1/2) Z;Zl(ag +b2)]) = N(0,(1/2) Z;Zl(ag + b2)1ha (wp) vol(Ia)), completing the proof of The-

orem 3.1.

6.3 Proof of Theorem 3.2

Fix a1, as2,b1,bs € IR with Z?Zl(a% + b2) # 0. Then, as in (6.7) we have,

2
Z[apcg(wpn) + bpSr]:(wpn)] = Z Z(Aj)wn(Aj), (6.11)

p=1 Jj€Jn

’

where, wy,(s) = N, 12 Zizl{apcos(wpn

s) + bpsin(w;ms)}. Note that for any h,, — h € IR,

> walsi)wn(si +hy)

iZSi 7Si+hn GDn
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2 2
No) ™ Z Z apQq Z {COS(%T(kPn + kqn)lj)‘gl + w;nhn)+
p=1 1

cos(2 (Kpm — kgn) jA7Y — w;nhn)}
+apby Z {sin(27r(kpn + kqn)/j)\;l + w;nhn) + sin(27 (kg — pn) AL+ w h )}
J€Jn

taghy Y {sin(27r(k o+ Kgn) A 4wl hy) — sin(2m (K, — Kpn) G5!+ @l b )}
j€Jn

by Y {Cos(Zw(kqn — Kpn) PN+ Wi hn) — 082 (Kpn + kgn) iAy ! + wiph )}
j€Jn
(6.12)

Note that, under the conditions of the theorem, for every pair p, ¢ € {1, 2}, {27[kp,+kgn]} converges
to a non-zero element in (—m /2, 7/2)%¢. Thus, when the frequency sequences {w1,} and {ws,} are
asymptotically distant (cf.(3.5)), by Lemma 6.2(b),

n—o0

2

. 1

lim | Z W (8i)wn(s; + hy,) 52‘1 -|-b2 )eos(w' h).
i:84,8;+hn, €Dy, p=1

On the other hand, when {wi,} and {wa,} satisfy (3.6), by Lemma 6.2, (both parts (a) and (b)),

lim g wp,(si)wn(s; + hy)
Nn—00
i'Si Si-‘rhnEDn

e ZZ [apaq/cos 27r£ X —w "h)dva(x) + apbq/sin(27r£/21x + w'h)dva(x)
p—l q=1

—agby / sin(27€y;x + w h)dva (x) + bpbq/cos(%rﬂ;lx + w,h)dZ/A(x)] ,

where, €190 = € = —¥5; and £11 = €95 = 0. The proof of Theorem 3.2 can now be completed using

Lemma 6.1, the inversion formula (6.10) and the arguments in the proof of Theorem 3.1.

6.4 Proof of Theorem 3.3

Fix a1,a9,b1,by € IR with 32 ,1(a + b2) # 0. Then, ) ,1[apC'P(wpn) + bpSE (wpn)] can be
expressed in the from (6.11) and the corresponding weight function w,,(-) satisfies (6.12). For part
(c), using Lemma 6.2 in (6.12), for any h,, — h € IR, we get

lim E wp,(si)wn(s; + hy)
n—oo
i:8;,8;+hn, €D,

_ ;zzj 22: {apaq { / cos(2r(ky + k) x)dva (x) + / cos(2m(k, — kq)/x)duA(x)}

p=1¢=1
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+ayb, { / sin(27 (ky, + k) x)dva (x) + / sin(27(k, — kp)/x)dl/A(x)}
+agby { / sin(2m(k, 4 kg) x)dva(x) — / sin(27(k, — kp)/x)dVA(x)}
+bpby {/cos(27r(kq — k) x)dva(x) — /cos(27r(kp + kq)lx)dz/A(x)H ,

where, k; = limy, o0 [A\yAwjn /27, i = 1,2 (which exist as lim,, oo Apwip exist for both i = 1,2
and are finite). The proof of part (c) now can be completed by applying the inversion formula
(6.10) and the central limit theorem of Lemma 6.1. Parts (a) and (b) can be proved by repeating
the steps in the proofs of parts (a) and (b) of Theorem 3.2 respectively, setting w = 0. We omit

the details to save space.

6.5 Proof of Theorem 3.4

Fix a1, -, ap, b1, -+, b, € R with >I_;(a? + b?) # 0. Note that,

Z[apér];(wpn) + bpgf(wpn)] = Z[%Cf(wm) + bpsf(wpn)] - Ni/QZnﬁn
p=1 p=1
Nn
=Y Z(si)[wn(si) — N, /23] (6.13)
i=1
where wy,(s) = N, V2 Z;Zl{apcos(w;ms) —i—bpsin(w;ms)} and 3, = N1 SN ;Zl{apcos(w;msi) +

/

onSi)}- Now suppose, wp, — w € 1Q \ {0}, for all p=1,2,---,r. Then by Lemma 6.2(b),

B, — 0. On the other hand, if \yw,, — y, € IR? for all p=1,2,---,r, then by Lemma 6.2(b),

bpsin(w

Bo—B= {ap / cos(y,Ax)dva (x) + by / sin(y, Ax)dva (x)}. (6.14)
p=1

For any h,, — h € R?, let Q(h) = lim, . Zi:si,siJrhnEDn W (8;)wn(s; + hy). (From the proofs of
theorems 3.1-3.3, it follows that under the hypothesis of each of the parts (a)-(c) of Theorem 3.4,
Q(h) exists. Hence, for any h,, — h € IR¢,

im Y (wn(si) - Nn_l/Qﬁn) (wn(si +hy) — N;l/%n)

n—oo

i:84,8;+hn €Dy,

B Q(h) D owpy —mw e N\ {0}, forallp=1,---,r, (6.15)
B QM) —p% : wy,—0, forallp=1,---,r '
Note that,
po= Z Z [apaqqgl(YP)(gl (¥q) + apbgd1 () d2(yy)
p=1q=1
+agbpb1()92(3p) + bobyda(3)d2(vs)| (6.16)

The result now follows from (6.13)-(6.16) and Lemma 6.1.
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6.6 Proof of Theorem 3.5

The proof follows by retracing the above steps and employing Lemma 6.1 and 6.2 for the MID case

along with the inversion formula,

P(w) = (277)_d/p(x) exp (—ww x)dx, w € IR (6.17)

The routine details are omitted here.

7 Proofs of the results from Section 4

7.1 Preliminaries

Lemma 7.1. Suppose that {Z(s) : s € IR} is a zero mean stationary random field satisfying (A.1),
(A.2) and (A.4) and

max {w2(s) :s € D, }s,2 = O(1), (7.1)

where s2 = Ew2(\,X1). Also, suppose that there exists a function Q1(-) such that for all h € IR?,

[ w o sax h [ 0wk B0 2 (x)dx = Qulh) as - o (72)

(i) If nJA% — ¢, € (0,00) as n — oo, then,

ns> —1/2 Y Wn(S; S; i> Cx b d x)dx | a.s. .
)Y (s Z) L N (000 +¢. [ p@u(0x) w5 (P)
(i) If n/AL — oo as n — oo, then,

(nQA;dsi)—l/Zan(si)Z(si) 4, N <O,/ dp(x)éh(x)dx) a.s. (Px).
i=1 I
Proof : See Lahiri (2003a).

Lemma 7.2. (MULTIVARIATE RIEMANN-LEBESGUE LEMMA): Let f € L'(IRY). Then,

lim (x)cos(t x)dx =0= lim (x)sin(t x)dx.
[[tl—o0 ) R4 [[tll—o0 ) R4

Proof Follows by approximating f by a sequence of finite linear combinations of indicator functions

of rectangular sets in IR? (which are dense in L'(IR%)) as in the one-dimensional case.
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7.2 Proof of Theorem 4.1

Fix a1, ---,a, b1, -, b, € IR with Z;Zl(a;—i—bg) # 0. Let C’n(w) =n 12 Z?Zl cos(w/sj)Z(sj) and

Sp(w) =n~1/2 >y sin(w's;)Z(s;), w € R%. Note that

Z[apén(‘-"pn) + bpgn(wpn)] = Z Z(sj)wn(s;), (7.3)
j=1

p=1

where, wy(s;) = n~1/2 Z;Zl{apcos(w;msj) + bpsin(w;msj)}. Proceeding similarly as (6.8), we may

write

[ i) rx)ax

= @0 303 fapay [ {cosOnom + n)'5) + cosCOnlio — ) )} )
p=1g=1

/ /

+apbq/ {sin(/\n(wpn + wWgn) x) — sin( Ay (Wpn — Wen) X)} f(x)dx

—I—aqbp/ {sin()\n(wpn + qu)/x) + sin(Ap (wpn, — qu),x)} f(x)dx

I

+bybg / {cos()\n(wpn — wyn) x) — 08 (An (Wpn + qu)’x)} f(x)dx] . (7.4)

Hence under the conditions of Theorem 4.1 and Lemma 7.2, it follows that

T

1
n/wg(Anx)f(x)dx -3 > (a+ b))
p=1
Also, for any h € IR?, by Lemma 7.2 and arguments similar to (7.4),
K< :
lim n / Wy, (Anx 4 h)w, (Mpx) f2(x)dx = — Z(ai + bg)cos(wph). (7.5)

n—oo 2
p=1

Hence, by (7.4) and (7.5), condition (7.2) holds with

T

Qi(h) = [K (a2 + b)cos(w,h)] / S (a2 +12).

p=1 p=1
Further, by (7.4) and the boundedness of cos(-) and sin(-), condition (7.1) of Lemma 7.1 holds.
Next by the inversion formula as in (6.17), it follows that

Z[apén(wpn) + bpsn(wpn)]

p=1

4N (0, (c;'Ty/2) (ap+b2) + (K/2)(2m)" D " (wp)(ap + bf))) .

p=1 p=1

This completes the proof of Theorem 4.1.
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7.3 Proof of Theorem 4.2

Fix a1, ag, by, by € IR with 322 (a2 4 b?) # 0. Then, as in (7.3) we have,
2 n
> lapCrlwpn) + bpSn(wpn)] = > Z(sj)wn(s;), (7.6)
j=1

p=1

where, wy(s) = n~1/2 Z;Zl{apcos(w;ms) + bpsin(w;ms)}. Then for any h € IR,

Wy (Anx + h)w, (A\px) f2(x)dx

2

= (2n)7! Z i [apaq / {COS()‘n(wpn + qu)'x + w;nh)

p=1g=1

+cos(An(wWgn — wpn),x + w;nh)} A(x)dx
+apby / {sin()\n(wpn + qu),x + w;nh) + sin(Ap (Wgn — w,m),x + wlqnh)} fA(x)dx
+agby / {sin()\n(wpn + Wan) X + whph) — sin(An(Wan — wpn) X + w;mh)} F2(x)dx

—i—bpbq/ {cos(/\n(qu — wpn)lx + w;nh) — cos(Ap(wpn + qu)/x + w;nh)} f2(x)dx] :
(7.7)

When the frequency sequences {wi,} and {ws,} are asymptotically distant, by Lemma 7.2,
e 2
Tim [ w (A + h)wy (Anx) 2 (x)dx = - cos(w'h) Z;mg +02).
p:
On the other hand, when {wi,} and {wa,} satisfy (4.5), then by Lemma 7.2 and proceeding

similarly as in Theorem 3.2, we get the required result.

7.4 Proof of Theorem 4.3
Fix ay,as, b1, bo € IR with Ezzl(ag—i—b%) # 0. Then, 2123:1[apé’n(wpn)+bp5n(wm)} can be expressed
in the from (7.6) and the corresponding weight function wy,(-) satisfies (7.7). For part (c), for any

h € R?, we get

n—oo

lim n/wn()\nx—i—h)wn(/\nx)fQ(x)dx

!

[ sty + 320 20a0) — [ sini(y, = v, 0000000 |
[ eosttya =y %) )dlx) — [ costy + yq)/X)fQ(X)d(X)H ,

_l_
Q
<
'U@
— — =
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where, y; = limy, o0 Anwin, ¢ = 1,2. The proof of part (¢) now can be completed by applying
the inversion formula (6.17) and the central limit theorem of Lemma 7.1. Parts (a) and (b) can
be proved by repeating the steps in the proofs of parts (a) and (b) of Theorem 4.2, respectively,

setting w = 0. We omit the details to save space.

7.5 Proof of Theorem 4.4

Fix a1, -, ar,b1,---,b, € R with >_!_;(a? + b?) # 0. With an obvious definition of é’n(w) and

é(w), we have

Dl Culwpm) + byS(wpn)] = Y- Z(si) walsi) —n /28 (7.8)
p=1 i=1
where w,(s) = n~1/? > p=11apcos(w, " nS) + bpsin(w,, 'nS)}and B, =n" 130, > 1{ap(:os(wpnsl) +

bpsm(w »Si)}. Now suppose, wp, — w # 0, for all p=1,2,---,r. Then by SLLN, £, —%* 0. On
the other hand, if A\ w,, — ¥y, € R for all p=1,2,---,r, then,

a8 G = Z{ap/cos ypx) f(x)d(x) + bp/sin(yéx)f(x)d(x)}. (7.9)

Now,

T ~

Z[apé’n(wpn) +b, g‘ (wpn)] ZZ (si)[wn(si) —n 1/250] (7.10)

p=1 i=1

where, R, = (8, — Bo)n~ 23" | Z(si) = 0p(1), a.s. (Px). Therefore, it is enough to find the
asymptotic distribution for 31 | Z(s;)[wn(s;) — n~Y260]. Let wk(s) = wy(s) — n~Y/23y. Then,

n/wff()\nx)f(x)dx = n/wi()\nx)f(x)dx — B2 +0,(1), as. (Px). (7.11)
and,
[ i O+ By () £ )
= n/wn()\nx + h)w, (A\nX) f2(x)dx — K33 +0,(1), as. (Px). (7.12)
The results now follow from (7.8)-(7.12) and Lemma 7.1.
Acknowledgement The authors thank an anonymous referee for some constructive suggestions
that improved the presentation of the paper.
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