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Abstract

This supplement provides regularity conditions and a proof of the main distri-
butional result for the spatial empirical likelihood (EL) point estimator. The
supplement is organized as follows. Section A outlines the notation used, fol-
lowed by a description of the regularity conditions in Section B. Section C briefly
outlines some preliminary, independent results. Section D then provides proofs
for characterizing the distributional properties of spatial EL estimator in the
frequency domain (i.e., Theorem 1 of the main manuscript). Any citations

mentioned here will be provided in a reference section of this supplement.

Appendix A. Notation

Recall the spatial periodogram I, (w) of {Z(s1),...,Z(sn)} at a frequency
w e R%as I, (w) = |d, (w)|*, where 1 = v/—1 and d,, (w) = AW/ 2p=1 > =1 Z(s5) exp(uw’s;).
Let ¢, = n/A¢ (defined slightly different here than c,, = A\ /n in Section 3 of the
main manuscript) and b2 = N¢, %2 + A\%¢, where N = |N/| denotes the number

of frequencies in the grid N = {jA;":j € Z¢,j € [-CA1,—CN1]?} = {w;, :
j =1,...,N}. We suppose the indexing is done so that wy, = 0 € R?. The
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bias corrected periodogram is I, (w) = I, (w) —c;; 15, (0) for the sample variance
5,(0) =n"t>"  (Z(si) — Z,)?, with Z,, =n~1 3" | Z(s;) denoting the sam-
ple mean. Let I}(w) = I,(w) — ¢;;'0(0), and A, (w) = ¢;'0(0) + K¢(w),w €
R, where K = (2m)¢ [ f2. Set &,, = 222;1 Gy (Win)Goy (Win) A (wrn )? at
the true parameter 0. Let f(w) = [ @« f(x)dx and (w) = [ e« f2(z)dx
for w € R%.

In the following, for a random quantity ¥ depending on both X = {X;};>1
and {Z(s) : s € R}, we let EY = E.,x denote expectation conditional on X
and likewise let P(-) = P,x(-) denote probability conditional with respect to
X . The notation —, i>, O,(+) and o, (+) will represent convergence in proba-
bility and distribution as well as probabilistic orders in terms of this conditional
probability. Also, we let Px and Ex denote probability and expectation under
the joint distribution of {X;};>1. Let C or C(-) denote generic constants that

depend on their arguments (if any), but do not depend on n or {X;}i>1.

Appendix B. Regularity Conditions

We require some mild assumptions on the dependence of the process {Z(s) :
s € R4}, formulated in terms of mixing/moment conditions, as well as some
assumptions on the estimating functions Gg(-). For @ = (x1,...,13) € R¥, let
Izl = (T8 [2:)V2, @l = S0, 2] and, for By, By C R¥, let di (Ey, Ey) =
inf{||lx — s||1 : * € FE1,s8 € Es}. For a,b € (0,00), define the strong mixing
coefficient of Z(-) as

ala,b) = sup {|P(A1 N As) — P(A1)P(As)| : E; € Cy,d1(Er, Es) > a},
Aie]:z(E,;), 1=1,2

where Fz(E) is the o-field generated by {Z(s) : s € E} and Cy, is the collection

of d-dimensional rectangles with volume b or less. We shall suppose that
a(a, b) < ’Yl(a‘)’YQ (b)7 a, be (Oa OO)

for some left continuous, non-increasing function v; : (0,00) — [0, 00) and some

right continuous, non-decreasing function vz : (0,00) — (0,00) (Lahiri | 2003).



Note that we allow the function y5(-) in the above formulation to grow to infinity
to ensure validity of the results for bonafide strongly mixing random fields in d >
2 (Bradley | 1989, 1993; Lahiri | 2003). We again assume that {Z(s) : s € R4}
is second order stationary with mean zero and spectral density ¢(w), w € R?
and o(0) = Var[Z(0)]. We write ¢, = n/A%, recalling that c, = lim, o cp
determines the spatial asymptotic structure (Section 2.1) with ¢, € (0, 00) under
pure increasing domain and ¢, = oo under mixed increasing domain. Recall b2 =
Nec;? + M4 We next list regularity conditions for establishing the empirical

likelihood results. Recall 6y € RP denotes the true parameter satisfying (1).

Conditions

(C.1): There exists d € (0,1] such that

Csrs = sup{(E|Z(s)*0) 55 : s e R} and > K7y (k)] 757 < oo
k=1

(C.2): (i) The spatial sampling density f(-) is everywhere positive on Dy and
satisfies a Lipschitz condition: for some Cy € (0,00), |f(x) — f(y)| < Collx —y||
for all ¢,y € Dy.

(ii) There exist C; € (0,00) and ag € (d/2,d] such that for all |w|| > C1,

< Cyfjw]~".

’/e“"/wf(w)dw

+ ‘/e“"/”’ﬁ(w)dw

(C.3): (i) G, (-) is bounded, symmetric, and almost everywhere continuous on
RY (with respect to the Lebesgue measure) with [ Gy, (w)¢(w)dw = 0,;

(ii) There exist Cy € (0,00) and a non-increasing function A : [0,00) — [0, c0)
such that |¢(w)| < h(||w]|) for all ||w| > Co;

(iii) liminf,,_, o det (Nfl Zi\;l Go,(wrn) Gy, (wkn)) > 0;

(iv) [ Goy(win)Gy, (win)d(w)? dw is nonsingular.

(CA4): (1) 0 <k <n<land (i) Sn /2N Goy (Win)In(win) — ¢510(0)] %
N(0,, Irxer) for B, = 2500 Gy (Wrn)Gop (W) [c510(0) + Kp(wpn)]?, K =
(2m)t [ £2.

(C.5): /\;“db?,,/4N3/8 log \p + N(n~ /2% ¢ /\Ed/z))\_"d = o(1) as n — oo for



some € > 0. (C.6): For each n > 1, there exists a function M, (-) where

N

Z Gy (wien)Goo (win)' exp (it win )
k=1

< M, (t) for all t € RY,

such that, with dv(t, z) = [|t]| f(x) [y (1t])]% E+® dt dz and § > 0 from Condi-
tion (C.1) and for any a1, ag, as € {0,1},

//Mn (t+ a1 [s + 2\na0 + 2X\na3y]) dv(t, z)dv(s,y) = o (A7) .

(C.7): In a neighborhood of #y and for each w € R%, hy(w) = IGy(w)/00
is continuous in 6 and ||0%Gy(w)/0000'|| < C for some C' > 0; and hg,(-) is
continuous almost everywhere.

(C.8): For n > 1, there exist functions ml)(-) and M,(f)() where, for all t € R?,

N
Z h90 (wj’fl) exp(lt/wjn) < M'r(zl) (t)7
j=1
N —_—
> hay (@in)hoy (win) exp(it'w;y)|| < MP(#),
=1

such that with dv(¢t,x) = ||t]| f(x) [71(||t||)]6/(8+5) dtdx and § > 0 from Condi-
tion (C.1), [ MV () dv(t, @) = o(AL+*9) and, for any ay,az,as € {0,1},

//M,ﬁ?) (t+ a1 [s + 2\na0x + 2)\,a3y]) du(t, ) dv(s, y) = o (A, F279).

Regarding the assumptions, Conditions (C.1)-(C.6) are essentially those of
Bandyopadhyay et al. | (2015a), with a slight strengthening of the number of fi-
nite moments. Condition (C.1) is a standard moment/mixing condition ensuring
the periodogram has a fourth moment. Condition (C.2) are smoothness condi-
tions on the location density f and the Fourier transforms of f and f2; uniform
and many smooth non-uniform densities f satisfy (C.2)(ii) with a decay rate
O(|Jw||=%). Condition (C.3) provides regularity conditions on the spectral esti-
mating function Gy, at the true parameter 6. These conditions also ensure that
certain Riemann sums over the frequency grid {(.ukn}lkvz1 approximate a variance

integral [ G, (w)Gy, (w)dw asymptotically and that the r x r matrix X, has



a nonsingular limit along a sub-sequence. Considering Condition (C.4), as ex-
plained in Section 3, the choice 0 < Kk < n < 1 ensures that periodogram values
{I,(wkn) HY, will be asymptotically independent on frequency gird {wgy, i,
(consisting of asymptotically distance frequencies, Section 2.2). Consequently,
the sum ZIJLI Gy (Win)[In(Win) — ¢, 1o (0)], involving a biased-corrected raw
periodogram (cf. Section 2.1), can be expected to have a normal limit with
mean zero under the spectral moment condition (1) for Gg,(-). The central
limit theorem statement in Condition (C.4) is a primitive one, and further suffi-
cient conditions for such central limit theorems can be found in Bandyopadhyay!
et al. | (2015b). Moving to Condition (C.5), the rate bounds involved depend
on a technical quantity b2 = Nc¢,? + A% whose order can change depending
on the asymptotic frameworks and, as explained in the next section, different
asymptotic regimes induce varying behavior in empirical likelihood statistics
related to b2. This condition can hold trivially in many cases, but we include
this to minimize technicalities. The differentiability conditions on estimating
functions in Condition (C.7) are standard in empirical likelihood frameworks
(Qin and Lawless |, [1994; Kitamura |, {1997). However, the bounds in conditions
(C.6)-(C.8) are also technical and related to certain Fourier transforms involv-
ing estimating functions, or their partial derivatives, over the discrete frequency
grid {w;m}{cvzl; these bounds ensure that certain remainders in the frequency
domain arising from Taylor expansions are negligible. It can be verified that
the estimating functions considered in Section 4 of the main manuscript, for

example, satisfy (C.6)-(C.8).

Appendix C. Preliminary Technical Results

Here we collect some independent, technical results (Lemmas to follow)
regarding expansions and convergence properties of the spatial periodogram;
proofs of these can be found in |Van Hala et al. | (2015)).

Lemma [I] provides probabilistic bounds and expansions for sums of bias

corrected periodogram values. To state the result, 4, (w) = ¢, 'o(0) + K¢(w),



where K = (27)¢ [ f2, for w € R

Lemma 1. Under Conditions (C.1), (C.2), (C.8), (C.5) and (C.6),

1L

(1) FQZIEL(%”) =0p(1) a.s. (Px).
1FN1 -

(ii) bfngfi(wjn) = 0,(1) a.s. (Px).

n i—=1

N

(iii) 3 Gy (@50) gy (@50) [F2(@50) — (An(wsn)? + K20(w50)%)] = 0,(82) a.5. (Px),
j=1

N

ZGGO (wjn)Gleo (wjn) [Ifl(wjn) - 2An(“’jn>2] = Op(b?z) a.s. (PX)'

Jj=1
Lemma 2] next shows the convergence of Riemann sums of partial derivatives

of estimating functions, with proper scaling. For 6 € O, define

N
Dno =X\ K Y ho(win) In(wjn) (A1)
j=1

for ho(w) = 0Gy(w)/00, w € R? and K = (2m)¢ [ f2, where the partials exist
in a neighborhood of 6.

Lemma 2. Assume Conditions (C.1), (C.2), (C.3), (C.5), (C.7), and (C.8).
Let Dy, = [ hg,(w)d(w)dw.
(i) Then, D,, g, =+ Dy, as n — oo a.s. (Px).

(i) For B, ={0 € © : |0 — 0| < \; "4, log A\, },
SHBP ||Dn,0 - DQOH i) 0 a.s. (Px)
€Bn

Finally, Lemma 3| concerns the positivity of EL function R,, (), § € © C RP,

(cf. Section 2.2) in a neighborhood around 6y defined by
0, ={0€0: 006 <by\," logA,}.
Recall that b, A\, "?log \,, — 0 as n — oo under condition (C.5).

Lemma 3. Under the assumptions of Theorem 1, P(R,(0) >0 for 6 € ©,,) —

1asn— oo (a.s. (Px)).



Appendix D. Proof of Main Result (Theorem 1)

Section D.1 first provides some supporting technical results. Section D.2 then
shows the existence of the the spatial EL point estimator §n (i.e., the maximizer
of the EL function R, (6)) and establishes its limit distribution along different
subsequence. The limit law will depend on the subsequence as well as the spatial
sampling regime. Recall PID or MID refer to pure increasing domain or mixed
increasing domain spatial asymptotics; see Section 3.2 of the manuscript for

“slow rate” and “fast rate” MID definitions.

Appendiz D.1. Background Results

We first require a distributional result which refines the CLT result in Con-
dition (C.4) "2 SN | G, (wjn) I (wjn) —5 N(0,,1,) aus. (Px), for I(w) =
I(wjn) — ¢;,10(0), w € R, and X, = 2300 Go, (w)n) Gl (wjn) An(wjn)?.

With b2 = Nc;2 + \£4, define

RS 1 )
n90 - 2 Z UJJn W]n) n90 == 2 Z W]n G90 w]n)Ig(wjn)
(A1)
Lemma 4. Under Conditions (C.1), (C.2), (C.3), (C.4) and (C.6). Given any

subsequence {n;} C {n}, extract a further subsequence {k > ni} C {n;} such

that
1 &
A ; G, (wik) Gy, (wjr) — T =T*(ny) (A.2)

for a nonsingular r x r I'*. Then, as k — oo, it holds that
Wk,eo i> V, kak,QO i) N(Or, CLV) a.s. (Px) (A3)

for a positive definite matriz V. and a constant a € {1,2} as defined according

to the following cases:
PID b2 ~ Nc;,2, where ¢;! =n/A — ¢* € (0,00):

v
“slow infill” MID b2 ~ Nc; 2, where ;' =n/A? — 0 and \*? < N 2: V
“fast infill” MID b2 ~ \;" where ;' =n/A — 0 and Nc;? < X\ |4

=02(0)*, a = 2;
=02(0)I*, a = 2;
=2, a=1 for



= /Rd Goo (wjn) Gy, (win) K2 ¢* (w) dw.
Remark: A subsequence for which (A.2) always exists under (C.3)(iii) though

the matrix I'"* = I'*({ny}) may change with the subsequence k = ny.

Proof. Note that

N
A;md;(b(wjn) - /R 6(w) dw

by the dominated convergence theorem from [, ¢(w)dw < oo and (C.3)(ii), so
that

N
ZQS w]” = ANd) = O(bi)a Z¢2 w]n - )\md) O(b%), (A4)
j=1

where the latter follows from sup; ;< |¢(wjn)| < C under (C.3)(ii).
In the PID case, we have b2 ~ Nc;? and

N
Sn — 26, %0%(0) ) Go, (wj) G, (win) || = o(N)
j=1
by (C.3), (A.4) and [|Gy,(w)|| < C, w € R% Then, under the subsequence
(A.2), we have for V = ¢2(0)I'* that [|(202)'3, — V|| — 0 so that
W60 = VI < W0, — (262) 7" Skl + [1(26%) 7' S = V| = 0p(1)

using ||Wy,g, — (2b3) 34| = 0,(1) by Lemma (iii ) and ( . From X /b7 —
2V and Ty, = 25,2 SN Goy (win) I (wine) —2 N(0,,1,) by (C.4), we have

1
biTr.6, = aZI/ZT,C 00 + Ripo —= N(0,,2V)

)

since, by [6,(0) — o(0)] = O,(A; /%)

Rigo = bk — b5 'S 2T | < b 'Nic "0, (0, %) = 0,(1)  (A.5)

as Nyc; ' /by = O(N;/Q) = O(/\Zd/Q) here with n < 1.



In the first MID case, we have b2 ~ N¢,; 2 and

N
Sn = 20,20%(0) Y Gy (wik) Gy, (wjin) || = o(b2)

j=1

again by (C.3) and (A.4). Under the subsequence (A.2) and for V = o%(0)I'*
that [|(2b%) "X~V — 0so that Wy, — V| = 0,(1) by ||Wk,90—(25i)_12k|| =
op(1) from Lemma iii) and . As X5 /b2 — 2V and 17 o, N N(0,,1,)
by (C.4), we have byJy g, <, N(0,,2V) where, analogous to , Ry o, =
16100 b5 23 2T 6o | < b " Nicei 10 (A, %) = 0,(1) as Ny /by, = O(N,/?) =
O(/\Zd/Q) with n < 1.

In the second MID case, b2 ~ A, "¢ Nc,? < M holds and, by (C.3) and

the Dominated Convergence Theorem, it follows that
120 = 2X07T|| = o(b].)

for T' = [pu Go,(wjn)Gh, (wjn) K?¢?(w) dw. Under the subsequence and
for V' = 2T that ||b,*Sy, — V|| — 0 so that |[Wye, — V| = 0p(1) by |[Wike, —
b 2%k = 0,(1) from Lemma [ 111) Nic;2 < M4 and the boundedness of
Go,(-). Then, from X /b; — V (not 2V as in previous cases) and T} o <
N(0,,1,) by (C.4), it follows that by Jy g, N N(0,, V) where, again analogous
to 7 Ri.00 = bk Tk,00 — 121/2Tk 0l < b v Nee, 'O, (A d/z) = 0p(1) from
Nyep ' /by = o(N, 1/2) ()\nd/2) by Niep 2 < Afd ~ b2 with n < 1. O

The next result re-states the main distributional finding of |Bandyopadhyayl|
m m ) for spatial EL, which shows the chi-square limit of the log-EL

function at the true value of §y (without consideration of point estimation); see

Bandyopadhyay et al. | (2015a) for its proof.

Lemma 5. Under Conditions (C.1)-(C.8), as n — oo
—alog R, (6o) 4, X2 a.s. (Px)

where a = 1 if b2 ~ Ncj? (i.e., \;" < Nc2) and a = 2 if b2 ~ A\, "¢ (i.e.,
Ne2 < A\ nd).



The last result of this section collects some useful distributional results, re-
garding extensions of the statistics J, g, and W, g, from (A.1)) and their behav-
iors on shrinking neighborhoods of the true parameter 6. With b2 = Nc¢, 2+ A4

again, define

N N
1 ~ 1 ~
Jn,9 = b72 ZGO(wjn)In(wjn)y Wn,@ = b72 Z Ge(wjn)G/@(wjn)IZ(w]”)’
n i1 n i1

(A.6)
for § € ©. Let

and let Z, 9 = maxi<j<n "Gg(wjn)fn(wjn)
O, ={0€0:0—0 <by\, " log A},

where b, A"/ log\, — 0 as n — oo under condition (C.5). Define Tno =
max{\ b, |0 — ]|} for 6 € ©.

Lemma 6. Under Conditions (C.1)-(C.8), as n — oo,
(1) supgee,, bnllJnoll = Op(log An) (a.s. (Px))-

(ii) supgeo, Ty ollJnoll = Op(1) (a.s. (Px)).

(iit) supgee,, [[Wn.o — Whn.ooll = 0p(1) (a.s. (Px)).

(iv) SUPpee,, Tn,0Zn,0 = 0p(1) (a.s. (Px)).

Proof. Consider part (i). By Lemma [4] any subsequence of {n} has a further
subsequence {n} along which b, J,,, g, has a normal limit. Hence, b, J,, 0, =
Op(1) is tight. Then, for a given 6 € ©,,, by Taylor expansion of J, ¢ around
0o, for 0 € ©,, and D,, g = \,;"? Zj.vzl(aGg(wjn)/(?‘H)In(wjn), we have

And
Jn,9 = Jn,@g + bTDn,QO-&-c(Q—Qo)(G - 00) (A7)

for some ¢ € [0,1] (depending on ). Then,

/\nd
sup [|Jn,oll < [l Jn,00ll + 5= sup [|Dnsoll sup [|6 — 6o
€0, n 0€0, 0€0O,,

As supgeg, || Dnoll = Op(1) by Lemma ii) and || g, = Op(b, '), we have

)\nd
sup by, [[Ju.oll < Op(1) + by 55

"y O, ()b, " log A,y = O, (log Ap).
n

n

10



For part (ii), note that 7, 61) < b A5, Using a similar Taylor expansion ,

we have
J, Aid 6—06
sup H ﬂﬁ” < 1)\Rd||Jn«90H+ o sup ||D u
6c0, Tn,0 by oeo, 6€0, Tn,0
)\/{d
n

< A0, (by1) +

-0,(1) = Oy (1)

using that [[J.6, || = Op(b; 1), subgeo, [|Dnoll = Op(1) and A*¢/b7 = O(1).
To show part (iii), note that by Taylor expansion of Gg(w;,) around 6, we

have
6Ga (wjn)
00

where [|Sy, (wjn)|| < Coll@ — 6p||* for some Cy bounding ||Gg(-)]|, [|0Ga(-) /98],
and ||0%Gy, (-)/060¢’ || over ©,,. Hence, it holds that

Go(wjn) = Goy(wjn) + (6 — o) + Sn(wjn),

sup HWn 0 — Wi, |

0€©,
N ~,
< sup 5,7 > (1o wsa) | +11Gaq (wm)l) [1Goleosn) = Gy ()]l 1)
k=1
AC2 al
< 5z sup (14116 = Gol)10 = Boll 3 1)
n 0€0, j=1

= O(bn)‘;mi log /\n)Op(l) = Op(1)7

by Lemma [I[i).
Considering part (iv), note first that, by Lemma [1fii) and the bounded
. 1/4
Goy () BZngy < (EXI, || Go(win) Thwsn)|)) = O/, so that

Znoy = 0,(Y?)  as. (Px). (A.8)

Using a Taylor expansion of Gp(-) as in the proof of part(iii) and 7,9 <

11



A, rdp log A\,

sup Tn,QZn,G
0cO,
< A", (log \y) sup Zy.0
€O,

< /\;“dbn(logz\n)( w0, + sup Coll6 — 6o max, I, (w]n))
0o, <<
1/2

=

— K Zn —K
< A;F3/2 (log Ap) bl}‘;‘) + CoA,, dbn(log)\n)eseup 16 — 6o Z (wWin)

= 0(1)0y(1) + O([A;""bn log Xa]*) O (bs) = 0(1)
(a.s. (Px)) from Lemma i)7 1} and )\;“dbi/z log A, = 0o(1) by (C.5). O

Appendiz D.2. Distributional Properties of the Spatial Maximum EL Estimator

We next show that a non-trivial maximizer of the EL function R,(-) is
guaranteed to exist. For ©, = {0 € ©: 0 — 6| < b\, " log Ay}, define its
interior ©5, = {# € ©: 0 — 6| < byA, " log\,} and its boundary 90, =
{0 €0:0— 6] =buA,"log A, }. For 6 € ©,, and t € R, define

Ln(wjn)

Lemma 7. Under the assumptions of Theorem 1, a mazimizer 6, = argmaxpcg Rn(0)

exists on O, satisfying 0, € oy, Qn(émtén) =0, and Qn(én,tén) = 0, with

1 W) Go(win) | &L [0Go(w;n) /06)
0= > el g =3 D
by, S+t (win)Go(wjin) 14+ t'Go(wjn)

j=1

P-probability converging to 1 as n — 0o a.s. (Px).

Proof. Tt suffices to show that, for any subsequence {n;}, there exists a fur-
ther subsequence {ng} C {n;} such that the P-probability of the event in
Lemma [7| converges to one along {n;} (a.s. (Px)). From a given subsequence
{n;}, one can extract {n;} such that holds by Condition (C.3)(iii), i.e.,
Nt Z;V:’H Goy(Win, )Gy, (Win, ) — T'* for a nonsingular r x r I'*. We shall as-
sume setting nx = n in the following to ease the notation throughout the
remainder of the proof. For simplicity, we will also suppress (a.s. (Px)) nota-

tion so that all probability statements to follow are to be understood as holding

(a.s. (Px)).

12



For £(0) = —log R, (), we will first show that, with arbitrarily high P-
probability as n — oo, £,(0) exists and is continuously differentiable on the
neighborhood ©,, of fy. This, in turn, implies that £(f) has a minimizer 6,, (or
equivalently R, (#) has a maximizer) on the compact set ©,,.

Now by Lemma |3 the event that R, (0) > 0 for all § € ©,, has arbitrarily
high P-probability as n — oo. When R,,(0) > 0, the spatial EL function admits
an expansion

N
0) = log (1+ t'I(w;n)Go(wjn)) (A.9)

i=1
for a Lagrange multiplier ¢y satisfying @, (6,t9) = 0,; see Owen (1990). By
Lemma {4 W, g, -+ V holds for a positive definite V, so that by Lemma, El(iii)
(i.e., supgeo, [[Wn,o—Whn.o, |l = 0,(1)) it follows that W, 4 is positive definite for
all 8 € ©,, with P-probability approaching 1 as n — oco. When W, 4 is positive
definite and R, (0) > 0, 0Q,,(0,t)/0t is negative definite for all § € ©,,. By this
fact combined with the implicit function theorem and @, (6,t9) = 0, (cf. Qin
and Lawless, 1994), we have that s is a continuously differentiable function of
6 on ©,. Hence, with P-probability approaching 1 as n — oo, £,(0) is then
continuously differentiable on ©,, and consequently has a minimizer 0,, on O,,.
We next show that the minimizer 6, cannot be on 00,,, the boundary of
0,,, and then must lie in the interior ©F. Write tg = ||tg||ug, ||usl| =1, 0 € O,,.

Using a standard argument to expand Q. (0,tg9) = 0,., we get

0, = On(6.ty) = —b- 22 Go(wjn)Gy(wjn)’ t9I (Wjn)

+ Jno
1+ tGo(wjn) I (w)n) ’

j=1
Multiplying both sides above by uj, adding uj.J, ¢, and taking norms gives

up W, gy

Un@ - t0 T T

SUDPgeo,, T;;Ht@” SUPgeo, UyWn, ot

esup T, gHJngH > (A.10)

€On 1+ (suppee,, Tn,0Zn,0) (SUPoe@n Tn_,é”t9||>

As W0, L5 V holds for a positive definite V' by construction under Lemma
and supgeg, [|Wn.o — Wil = 0p(1) by Lemma [6]iii), we have in (A.10) that

13



supgee, UyWn oty > 01(1+0p,(1)) where oy > 0 is the smallest eigenvalue of V.
As supgeg, T;éHJnﬂH = Op(1) and supyeg, Tn,0llZnoll = 0p(1) by Lemma @,
we have from 1) that Op(1) > supyee, 7, plltall(o1 + 0p(1)) or

sup 7, blltall = O,(1). (A11)
0cO,

Then again expanding @, (6,t9) = 0,, we may write

~ ~ 2
1 & Golwin)In(w@in) (Golwsn)Tu(wsn)ts )
Or = Jn,0 — Wn,0t0 + = Z =

B 1+ t,Go(wjn) In(wn)

wol-v-1 o,

n7

W=V P2y 0and consequently, supycg.,

Using supyeg,

we obtain

n

tg =W, 5Jno+ R, (A.12)

where

2

esup |Ro|l < sup 2 Z i

€6, sco, || Ui = 1+ t,Go(win) In(wjn)
—1 2
I L [ e
su
Toco, L+ Zaglltal
[Wis | 1Wn ol (70200 (728 ol Il
= sup -
seon L+ (ru0Zna) (radlital])
=0p < sup IIteII) ; (A.13)
0€O,

Wl =

using Lemma @(iv) (i.e., Suppee, Tn,0Zn,0 = 0p(1)), 1’ SUPyeo,
Op(l)v SuPgeeo,, HWn,0 = Op(l) and SUPgeo,, Zn,9||t9|| = Op(1)~

For € ©, and j =1,..., N, define v; 9 = Gj(wjn)In(wjn)te, noting that

sup max [0l < sup Zugllto]l = 0,(1). (A.14)
0€0,, 1<j<n 0eco,,

14



When supgeg, maxi<j<n [7j,0| is small, we may use a Taylor expansion and

(A.12) to express £,,(0) in as
N N )
Zog (1+75,0) Z%e Zﬁ-,ﬁRn,e

j—l

- 1
Goy(wjn)In(wjn)te te ZGé’ Win Ge(‘*’m) (""Jn)t(? + Rn 0

[
MZ I

1

1 -
200 (Wiano + Re) -5 (W,;éJn,a o) 02 Wg (Wihduo + Ro) + Rug

= sz In oW, gm0 — bfLRg,Wn,gRe + Rpp. (A.15)

<.
I

Il
Sy

where Ry is from (A.12) and R, is a remainder (from Taylor expansion)
bounded by

~ L[ Waoll Znslitel*bs (
sup ‘Rn,ﬁ < sup o
0€O,, 9co,, 3 (1 - ||t0HZn79)

from (A.14). By (A.12)-(A.13) and Lemma [6]i),

sup [[tgbn ||2> (A.16)

0co,

sup ||bnte] < sup HW”_éH sup b||Jn gl + sup by, ||Rsl|
0€0, €O, 0€0, 0€0,

— 0,(1)0,(log ) + 0, (sup ||tebn||)
€O,

so that
esup lbntall = Op(logAn), (A.17)
e n
sup b, Roll = op(logAy,), (A.18)
0€O,,
sup |Rng| = op(log® \), (A.19)
9€o,,

where the last bound follows by modifying (A.16)). Hence, combining (A.15)),
(A.18)), and (A.19), we get

sup |£,(0) — ibiJ,'l QW;;Jn,g = 0,(log® \,)
9co0,,
which can be further re-written as
sup |€,(0) — ibiJ,’L oV el = op(log2 An)
9co0,

15



from

sup ||62 71, oW g — V3T gV~ | < sup 02140l sup |[Wh - v
0€0, ’ ’ 0€0, €0, ’
= Oy(log” Aa)op(1)
by supyce., Wn_; - V*IH = 0p(1) and Lemma |§|(1) For § € 00,, it holds

that 0 = 6y + ()\;”dbn log )\n) vy for some vy € R? with ||vg|| = 1, so that by
Lemma ii)
)\nd d
bpdno = bndne, + bi (Do, 4 0p(1)) A, "“bp log Ayvg = My, g + 0, (log(Ay)).
M,,.0 = bpJn g, + Do, vg log Ay, where the o,(log()\,)) term is uniform in 6 € O,
so that we may re-express

1 _
sup [0, (0) — M), 3V M, 9| = 0p(log® Ap).
090, 2

Then we have, uniformly in 6 € 90,,, ||vg]| =1,
20,(0) = M;, gV M 0 + 0y, (log? Ay
=b2J), 6,V gy + by, g,V 1og (M) Do, vg
+log(An)vgDp, V™ gy by + log” (A )vp Dy, V=" Doy vy + 0, (log® Ay,
= log®(A\n)vpDjy, V" Dgyvg + 0, (log” Ay,)
> 2 10g> (M) (L + 0,(1)),
where o > 0 is the smallest eigenvalue of positive definite Dy V~1Dy, (as Dy,
has full column rank p).
Consequently, infpepe, £n(0) > 27 log?(A,)(1+0,(1)), while by Lemma
£,(00) = Op(1). Hence, the minimizer 0,, of ¢,(0) on ©,, must lie in ©2 and, as
£(0) is continuously differentiable on O, it follows that

90,(0)
% = —59

(O, t %.] anilnt

using Qn(én, tén) = 0,.. This completes the proof. [J

The final result is a distributional characterization of the spatial EL point

estimator.
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Lemma 8. Under the assumptions of Theorem 1, given any subsequence {n;} C
{n}, extract a further subsequence {k = nx} C {n;} such that (A.3) holds.
Then, for the maximizer 0, and its Lagrange multiplier to, along the subse-
quence, it holds that
o, A 4N 0,a Gr 0 a.s. (Px)
(Hk — 90) ™ 0 Uz

ask — oo, where Uy = V1 \/‘1D90U2Dé,0‘/_1 and Uy = (DéOV_ngo)_1 are
positive definite, Dg, = [ hg,(w)d(w)dw, and the positive definite matriz V and
constant a € {1,2} are defined in Lemma (depending on both the subsequence
{k = ni} and the three PID/MID subcases).

Proof. We shall use notation and preliminary results established in the proof of
Lemmal7} From a given subsequence {n;}, one can again extract {n} such that
(A.2) holds by Condition (C.3)(iii), i.e., N ' S22 Go,(wjn, )G, (Wjn,) — T*
for a nonsingular r x r I'*. 'We shall henceforth assume (A.2) setting nx = n
in the following for simplicity and also suppress (a.s. (Px)) notation in P-
probability statements. Recall that, by Lemma holds for the subse-
quence, i.e., Wy, g, L5V and b Jn. 00 4, N(0,.,aV) for a positive definite V'
and constant a € 1,2 defined in Lemma [4]

With arbitrarily high P-probability as n — oo, the maximizer 0,, exists with
the properties stated in Lemma |7 From Qn(én, tén) = 0,,, we have

rd “"Jn )/00]'I, (WJn)t b
A g 1+t/ Gy, (@) I (wm)

!

— )\—md Z |: w]n):| fn(wjn)ténbn + Sn,
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where, by the boundedness of partial derivatives under Condition (C.7), Lemmal[I(i)

and supyeg, [|tol|Zn,0 = 0p(1), we have

ENE ,\wdi t; Gy, (win)l0Gy, (wjn)/00)' I} (wjn)ts bn

n

)‘ﬁndHtén ||2bn0p(b%)
1=t 12,5,

As [[bnty || = Op(log Xy) by (A.17) and X "?b,, log A, = o(1) by (C.5), it follows
then that [|Sy || = 0p(bnl|t; [|)- Then, by Lemma ii), we obtain

<CO

= 0, (A0t 1)

0Gy (win)7' -

N
0, = A" [ae} In(wjn)ty bn + Sn
j=1

= [D, 5,185, bn + 0p(bullts )

= Dty bn +0p(ballt; )

From (|A.7)), , (A.13)) along with Lemma ii) and supgeg, [[Wno — V| =

o(1) by Lemma []iii), we also have
Vbnty = bnJng, + Doy (0n — 00)Nib, " + 0,(6,)

for 6, = ||6, — Oo||A=%b 1 + bnlltg, |- The two previous expansions then may be

combined to yield

bty b Joy + 0p(0n
sl ka2 o»(0n) (A.20)
(0 — 90)% 0p(dr)
for
o |V —Da e Uy V‘1D90U27
Déo 0 —U2D§,OV‘1 U,

where ¥, Uy = V! =V~ Dy Uy Dy V', and Uy = (Dj V' Dy, )" are posi-
tive definite. Taking norms in li and recalling that b, J, g, N N(0,aV),
one can deduce O,(d,)(1+ 0p(1)) = O,(1) or §,, = O,(1) so that

bnts, by Jo, + 0p(1) U,

—1
Ard | =2 = bnJn.0, —|—Op(1).
op(1) fUzDg()V*l

(A.21)
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Noting that Uy VU] = Uy, (Us Dy, V=)V (U D V1) = Uy and (U Dy V-1V, =
0,x, it now follows from b, J,, 9, = O,(1) and (A.21)) that

bnté U,

"y | L N[ 0,a
0 Us

(én - 90) bn

This completes the proof. [
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